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Abstract

This thesis studies three representations of uncertainty that are useful for tractable
estimation and control. Modern decision making problems are data-driven, high-
dimensional, distribution-aware, and sequential. Although such problems are
complex, we identify a unifying principle: rather than modeling or optimizing at
full fidelity, one can appropriately restrict or summarize the problems, retaining
the information most relevant to the task, and obtain good performance. This is
done by carefully selecting an adequate representation of the underlying uncertainty.
We study three representations of uncertainty in this context. First, we consider a
structural representation in the form of a factor model and show how one can refine
this tractable model for uncertainty in high dimensions. We apply our method on
financial returns and show how it can be used to design better portfolios. Second,
we study a geometric representation in the form of a computationally efficient
family of distances between probability distributions. We call this a geometric
representation because it relies on averaging discrepancies over one-dimensional
projections. We present applications in distribution-aware control by designing
simple gradient-based controllers that minimize this distance. Third, we study an
informational representation that allows updates by conditioning on newly revealed
information. We show how to leverage this representation for optimal resource
allocation under stochastic demands using a shrinking-horizon optimization scheme.
Together, these representations provide a unified framework for learning uncertainty
models, enriching control objectives, and adapting decisions over time.
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1 Introduction

One of the most fundamental problems in artificial intelligence is the control of an
agent under uncertainty. This thesis focuses on developing algorithms for tractable
(i) modeling of uncertainty and (ii) control under uncertainty that are suitable
for modern decision making, namely data-driven, high-dimensional, distribution-
aware, and sequential decisionmaking problems. We study different representations
of uncertainty that extract the relevant information from the data and allow us to
design tractable algorithms for estimation and control. This chapter discusses
the challenges of modern decision making under uncertainty, presents a unifying
problem that captures these challenges, summarizes our contributions, and outlines
the rest of the thesis.

1.1 Modern decision making under uncertainty

Many important applications involve decision making under uncertainty. Notable
examples include financial portfolio construction, autonomous driving, aircraft
collision avoidance, and robotic exploration. In these settings, an agent must reason
about the consequences of their actions in the face of uncertainty about the state of
the world and the effects of their actions on the future state of the world. We define
an agent to be any entity that

• acts based on its information about the state of the world,

• seeks to optimize an objective, and

• its decisions have an effect on the future state of the world.

1



chapter 1. introduction 2

In this thesis, we use the terms control, planning, and decision making interchangeably
to refer to the process of selecting actions by an agent in order to optimize an objective
in the face of uncertainty.

Uncertainty enters the decision making problem through two qualitatively dif-
ferent sources. First, there is inherent uncertainty in the evolution of the state of
the world. For example, financial returns are inherently unpredictable and their
dynamics are not deterministic. This type of uncertainty is often called aleatoric
uncertainty. Aleatoric uncertainty cannot be mitigated, but the agent can learn
to make good decisions in the face of it. There is also uncertainty in the agent’s
knowledge about the state of the world. For example, an autonomous vehicle may
have noisy sensors that provide imperfect information about its surroundings. This
type of uncertainty is often called epistemic uncertainty. Epistemic uncertainty can
be reduced through statistical learning and exploration, but it usually cannot be
completely eliminated.

The history of decision making under uncertainty is rich and spans multiple
disciplines, including economics, operations research, control theory, and artificial
intelligence. However, recent advancements in computing capabilities and data
collection have led to a paradigm shift. Modern decision making problems are

• Data-driven. There is an abundance of available data to assist the learning and
decision making of the agent. For example, in financial portfolio construction,
there is a wealth of historical data on asset returns. In autonomous driving,
there is a wealth of sensor data from vehicles and infrastructure. This data
can be used to learn models of the world and to make informed decisions.
However, leveraging the data effectively is a significant challenge. Typically,
the inherent uncertainty of the problem allows for spurious correlations to
appear in the data that can lead to over-fitting. This is especially true when
dealingwith high-dimensional data. Uncovering structure from large amounts
of data is a key challenge in modern decision making under uncertainty.

• High-dimensional. The dimensionality of the state of the world and the deci-
sion variable can be very large. For example, in financial portfolio construction,
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the state of the world may include the returns of thousands of assets, and
the decision variable may be the allocation of capital across those assets. In
autonomous driving, the state of the world may include the positions and
velocities of all nearby vehicles and pedestrians, and the decision variable may
be the trajectory of the vehicle. High-dimensional problems are challenging
because they suffer from the curse of dimensionality, which makes it difficult
to compute optimal decisions and to learn accurate models of the world as the
dimensionality increases.

• Distribution-aware. The objective the agent seeks to optimize is often as rich
as the underlying uncertainty model, going beyond lower-order statistical
moments and relying on the full distribution of outcomes. Such objectives
further complicate the planning task, as they require reasoning about the
entire distribution of outcomes rather than just a few summary statistics.

• Sequential. The agent must make a sequence of decisions over time, and the
consequences of those decisions can be long-term. For example, in financial
portfolio construction, the agentmustmake a sequence of investment decisions;
one at each rebalance date. There can even be nonstationarity in the evolution
of the state of the world. This requires learning a dynamic model of the world.
In addition, information is usually revealed in a sequential manner. This
sequential nature of decision making under uncertainty requires algorithms
that effectively incorporate information over time in the planning process.

To address modern control, we require (i) uncertainty models that are statisti-
cally consistent with data and computationally tractable (to avoid over-fitting) and
(ii) control algorithms that can efficiently handle high-dimensional problems and
expressive objectives, leverage data effectively, and exploit the sequential nature of
the problems.
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1.2 A unifying problem: financial portfolio construction

We summarize the key challenges in modern decision making under uncertainty
with a unifying problem: financial portfolio construction. In this problem, an
investor seeks to allocate capital across a set of assets in order to maximize the
expected return of their portfolio while controlling for risk. The investor must make
these decisions in the face of uncertainty about the returns of the assets and the
dynamics of the market.

The typical formulation of the portfolio optimization problem is

max
wt

E[rt]
>wt

s.t. w>t Σtwt ≤ σ2.
(1.1)

where we ignore any additional constraints for simplicity. Those would account for
any additional requirements imposed by the investor. The decision variable is the
portfolio allocation vector wt, which represents the fraction of capital allocated to
each asset at time t. The objective is to maximize the expected return of the portfolio,
which is given by E[rt]>wt, where E[rt] is the estimated expected return of the assets
at time t. The constraint is a risk constraint, which limits the variance of the portfolio
returns to be less than or equal to σ2, where Σt is the covariance matrix of asset
returns estimated at time t.

Both E[rt] and Σt are latent population quantities: in practice, one observes only
a single realization of returns at time t, not the distribution fromwhich those returns
are drawn. Nevertheless, the investor can leverage historical data to learn a model of
the uncertainty, which can then be used to make informed decisions that are robust
to uncertainty.

A typical number of assets in a portfolio is on the order of hundreds to thousands,
which makes the problem high-dimensional. The investor typically has access to
a large amount of historical data on asset returns, which can be used to learn the
model of uncertainty. The investor may also have a more expressive objective that
goes beyond maximizing expected return and controlling for variance. For example,
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the investor may seek to maximize the probability of achieving a certain return
threshold, to minimize the expected shortfall of the portfolio returns, or to steer
the distribution of portfolio returns towards a desired target distribution. Finally,
the investor can adjust the portfolio allocation over time, as new information about
asset returns is revealed and as the market dynamics evolve. The investor would
need to re-solve the portfolio optimization problem for this purpose.

1.3 Contributions

This thesis focuses on developing algorithms for tractable (i)modeling of uncertainty
and (ii) control under uncertainty that can handle data-driven, high-dimensional,
distribution-aware, and sequential decision making problems.

Although many researchers are currently working on these problems and so-
lutions have been proposed for specific instances of modern decision making, in
this thesis we aim for a unified treatment. We recognize that selecting an appropri-
ate representation of the uncertainty is key for good performance in any decision
making problem.

We study three different representations of uncertainty. Each representation is
designed to address a specific aspect of the unifying problem (1.1), and together
they provide a comprehensive, yet not exhaustive, framework for modeling and
control under uncertainty for modern applications.

1.3.1 Structural representation

The first representation we present is structural. This representation is designed to
capture the structure of the uncertainty in the problem. Specifically, we focus on the
problem of modeling the covariance matrix of a high-dimensional random vector.
The covariance matrix is a key component of the uncertainty model, and it is often
difficult to estimate accurately in high dimensions. The structural representation for
the covariance model we study is the family of low-rank-plus-diagonal matrices.

Low-rank-plus-diagonal models are also known as factor models in the literature
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of applied statistics. They are a powerful tool for modeling high-dimensional covari-
ance matrices, as they can capture the underlying structure of the data while also
being computationally tractable. Learning statistical factor models is a fundamental
problem both in finance and state estimation more broadly. These models are inter-
pretable because they expose shared drivers (also known as factors) behind many
variables. The small number of learned parameters reduces estimation variance
and over-fitting. Low-rank-plus-diagonal models also allow for fast downstream
optimization and inference tasks.

Our contribution is a principled method for extending a provided low-rank-plus-
diagonal model for the covariance. This extension is based on the idea of adding a
few additional statistical factors to the model in order to capture additional structure
in the data. Extending a provided model can be important because

• the providedmodelmay be updated too infrequently to reflect transient factors
or regime shifts in the data and

• the provided model may be missing (statistical) factors.

However, a learned factor model only captures second-order uncertainty infor-
mation. Many control problems do not only involve moments of the distribution,
but depend on the full distribution of outcomes. It is therefore important to design
scalable methods for measuring the similarity between distributions. This motivates
the second representation we present, which we call a geometric representation,
and captures the mismatch between two distributions.

1.3.2 Geometric representation

Many distances and divergences between probability distributions have been pro-
posed in the literature, including the Kullback-Leibler divergence, the Wasserstein
distance, and the total variation distance. These distances tend to not scale well to
high dimensions. Nevertheless, quantifying themismatch between two distributions
is important for control under uncertainty, as it allows us to design objectives that
are based on the distribution of outcomes rather than just a few summary statistics.
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Our contribution is a computationally efficient, interpretable, and suitable for con-
trol applications family of distances between probability distributions. This family of
distances is based on the idea of projecting the distributions onto a one-dimensional
space and then computing the distance between the projected distributions. This
is much easier than directly computing a distance between high-dimensional dis-
tributions. Our distance is then the average distance between the projected one-
dimensional distributions, averaged over a set of projection directions. We therefore
call it a geometric representation of uncertainty, as it projects the distributions onto
one-dimensional spaces.

We further demonstrate how this family of distances can be used to control
the distribution of outcomes in a tractable manner using simple gradient-based
controllers.

Although the geometric representation enables distribution-aware control, it
does not, on its own, provide a principled way to update decisions as new informa-
tion arrives. Incorporating newly revealed information offers an additional mecha-
nism for improving control performance. This motivates the third representation of
uncertainty we present.

1.3.3 Informational representation

We define an informational representation of uncertainty as one that allows us to
easily incorporate newly revealed information. We study a method for control
that leverages new information by updating the informational uncertainty model
before new decisions are made. This method updates the statistical moments of
uncertainty by conditioning on the provided information. Assuming Ft is the
information available at time t, we can equivalently view the method as a projection
of the original model onto the family of models that are Ft-measurable. The method
is computationally efficient and can be used in real-time applications.

Our contribution is as follows. We consider the problem of resource allocation
under stochastic demands. We propose an adequate informational representation
of uncertainty and combine it with a shrinking horizon control scheme to design a
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tractable algorithm to make allocations over time.

1.3.4 Summary of contributions

In the context of the unifying problem of financial portfolio construction, the three
representations are summarized in Figure 1.1. The structural representation im-
proves the estimate Σt. The geometric representation allows for a more expressive
objective that goes beyondmaximizing expected return. The informational represen-
tation allows for easily incorporating newly revealed information, e.g., computing
and using E[rt | Ft] instead of E[rt], into the decision making process. A high-level
summary of our three contributions is given in Figure 1.2.

max
wt

E[rt]>wt

s.t. w>t Σt wt ≤ σ2.

Structural.
Extend a risk model

Geometric.
A more expressive objec-
tive based on the desired
distribution of portfolio
returns

Informational. Incorporate newly
revealed information, e.g., E[rt | Ft]

Figure 1.1: A unifying portfolio optimization problem that highlights key aspects
of modern decision-making under uncertainty: structural modeling of risk (Σt),
geometric (distribution-aware) objectives, and informational adaptation as new data
arrive.

1.4 Outline

The rest of the thesis is organized as follows. In Chapter 2, we present the structural
representation of uncertainty and our contribution to learning factor models for
covariance estimation. In Chapter 3, we present our geometric representation of
uncertainty and its application to distribution-aware control. In Chapter 4, we
present the informational representation of uncertainty and our contribution to
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Structural Geometric Informational

low-rank + diagonal
factor model

1D distribution slice

conditioning on data
+ re-optimization

× +

Σ ≈ FF> + D

pro
ject

ionC
D
F

value

P(·) 7→ P(· | Ft)

Figure 1.2: The three representations of uncertainty studied in this thesis. Structural
representation enforces a low-rank-plus-diagonal factor structure for tractable risk
modeling, geometric representation reduces multivariate distributions to collections
of one-dimensional slices for distribution-aware objectives, and informational repre-
sentation conditions on newly revealed data and re-optimizes to adapt decisions
over time.

resource allocation under uncertainty. Finally, in Chapter 5, we conclude with a
summary of our contributions and directions for future work.



2 Structural representation

In this chapter we focus on improving a provided covariance model in low-rank-
plus-diagonal form. This specific structure of models for the covariance justifies the
name of the chapter. We introduce an algorithm that allows us to extend and refine
the provided low-rank-plus-diagonal covariance model by adding new statistical
factors. We present the methodology in the context of extending a model for the
covariance of financial returns. Nevertheless, the method is general and can be
applied to any problem where a low-rank-plus-diagonal model is used.

Estimating the covariance of asset returns, i.e., the riskmodel, is a key component
of financial portfolio construction and evaluation. An accurate risk model allows in-
vestors to build risk-aware portfolios and assess the risk level of already constructed
ones. Most risk modeling approaches produce a low-rank-plus-diagonal model that
decomposes the asset variability into two components: the first attributed to a small
number of factors that are common among the assets and the second attributed
to the idiosyncratic behavior of each asset. Low-rank-plus-diagonal models are
both interpretable and computationally efficient. Most investors rely on third-party
providers for their risk models. Although these models are typically of high quality,
they may fail to capture important information, e.g., changing market regimes and
transient factors. To overcome these limitations, we propose a method based on
maximum likelihood estimation to extend a provided low-rank-plus-diagonal risk
model by refining the given model and adding new statistical factors. Our method
easily extends to the case of missing data.

10
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2.1 Introduction

The covariance of asset returns is a central quantity in several areas of finance,
including Markowitz portfolio construction [1], [2], risk management [3], and asset
pricing [4]. The risk of a portfolio (or investment strategy) is defined as the variance
of its return, where the portfolio return is a linear function of the asset returns vector
[5]. Therefore the portfolio risk is a linear function of the asset return covariance.
An accurate, as judged by its statistical fit, asset return covariance allows investors
to build portfolios with a desired level of risk and also evaluate the risk of existing
portfolios. An inaccurate risk model can over-estimate or under-estimate portfolio
risk. As a result, during portfolio construction, it may be overly restrictive, causing
the investor to miss out on potentially good investments, or fail to account for certain
risk sources, potentially exposing the investment strategy to unexpected risks. Risk
modeling is therefore a challenging problem in any investment process and requires
careful consideration.

A major challenge is that only information available at the current time can be
used to estimate the risk model, which should be predictive of the assets’ behavior in
the future. Prediction is particularly difficult because of changing market conditions
[6], extreme events (e.g., COVID-19), and fat tails in the distribution of returns
[7]. In addition, asset returns can fluctuate significantly even on a daily basis,
making it difficult to separate meaningful structure from randomness [5]. The high
dimensionality of the data, i.e., the large number of assets (possibly thousands), is
another challenge [8]. For example, the sample covariance based on the observed
data is singular when the number of assets is larger than the number of sample
return vectors [7]. This is problematic because likelihood calculations involve the
inverse of the covariance, i.e., the precision matrix, and the rank deficiency implies
that there are directions in asset space with zero variance. The latter can cause
problems in portfolio construction. Because of these challenges, various companies,
for example MSCI Barra [9], [10], offer risk models as products and even a Nobel
Memorial Prize in Economic Sciences was awarded for work directly related to
volatility estimation [11].
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A standard model for the covariance of asset returns is the low-rank-plus-
diagonal model. It addresses many of the challenges mentioned above. At time
t, this model assumes that the vector of asset returns, xt ∈ Rn, is driven by a low-
dimensional vector of factor returns, st ∈ Rn1 , and a vector of residual returns
εt ∈ Rn, i.e.,

xt = Ftst + εt, (2.1)

where Ft ∈ Rn×n1 is the matrix of factor exposures, εt is independent of st, the n

elements of εt are independent, and n1 � n [8]. This model implies that there are
common factors that influence the returns of the assets. For equities, factors typically
include the returns of specific portfolios, such as the overall market (with weights
proportional to capitalization), industries, and style portfolios like the Fama-French
factors [12], [13]. The model also implies that there is a part of the returns that
cannot be attributed to these factors. We call this part the idiosyncratic return, εt,
which is independent of the factor returns, st, and also independent for each asset.

Under these assumptions the asset return covariance is

cov(xt) = Ftcov(st)F>t + cov(εt), (2.2)

where cov(·) denotes the covariance. Because the elements of εt are independent,
cov(εt) is a diagonal matrix with positive diagonal entries. This structure is espe-
cially appealing in high dimensions (n in the order of hundreds or thousands),
because we only need to estimate O(nn1) parameters, instead of O(n2) in the case
of a generic n× n covariance matrix. The smaller number of parameters required in
the low-rank-plus-diagonal structure is also a form of regularization, which avoids
overfitting to the available data and can improve the covariance estimate, espe-
cially for out-of-sample applications (such as predicting future portfolio risk) [8].
The low-rank-plus-diagonal structure also allows for a positive definite covariance
matrix even when there are fewer than n return samples. Finally, in the context
of portfolio construction using convex optimization, the low-rank-plus-diagonal
structure can be exploited to bring the computational complexity down from O(n3)

to O(nn2
1) operations [14].
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In this chapter, we assume a low-rank-plus-diagonal risk model is provided. We
call this the base or existing model. This scenario is typical in the case of investors or
quantitative traders, e.g., a MSCI Barra [9], [10] model is available. We propose a
principled method based on maximum likelihood estimation to refine the existing
model and extend it with additional statistical factors using the time series of realized
asset returns. Our method can be used to capture market shifts of a shorter time
horizon than the update period of the provided risk model. Furthermore, the added
statistical factors capture structure in the returns that is missed by the base model.
As a demonstration of our approach, we extend the Barra short-term US risk model
(an already high quality and widely used in practice model) for a universe of 870 US
high-capitalization equities and obtain an improvement in terms of the model’s out-
of-sample statistical fit. We show that the extendedmodel uncovers hidden structure
in the returns that is missed by the base model. As a secondary contribution, we
also show how to handle missing return data within our framework.

The remainder of the chapter is organized as follows. In Section 2.2, we discuss
related work in covariance estimation and low-rank-plus-diagonal risk modeling.
In Section 2.3, we mathematically formulate our maximum likelihood estimation
problem. Our proposed approach is described in Section 2.4. We discuss metrics
and results in Section 2.5 and Section 2.6. The chapter concludes with Section 2.7.

2.2 Prior work

We split this section in two subsections. First, we review the standard approaches
to empirical covariance estimation that rely solely on the time series of historical
returns and do not impose any structural assumptions. Next, we turn to techniques
that introduce additional structure into the covariance matrix—most notably low-
rank-plus-diagonal decompositions—which aim to capture common risk factors
and improve stability in high-dimensional settings.
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2.2.1 Empirical covariance estimation

Given the time-series of historical returns, the simplest covariance estimate is the
sample covariance. However, when the number of assets is large relative to the
number of return samples (which is almost always true in practice), the sample
covariance is a very poor approximation of the true covariance [15] and its eigenval-
ues can have large variance. Generally, the sample covariance may fail to capture
the time-dependence and regime shifting of financial markets. A simple way to
deal with the regime shifting is to use a rolling window estimate, which has a fixed
memory window and only averages the return outer products in this window [8].
To improve the quality of the estimator we can add regularization or shrinkage [16].
Practitioners often replace rolling window covariance estimates with exponentially
weightedmoving averages (EWMAs) to place greater weight on recent observations,
thereby adapting more quickly to time-varying conditions. The EWMA estimator
is the smooth equivalent of the rolling window estimator and better handles the
non-stationarity of financial returns [8], [10], [17]. It is controlled by the half-life
parameter that dictates how far in the past the weight of an observation is reduced
to 0.5. The half-life parameter is thus completely interpretable. The EWMA estimate
also allows for fast, recursive computation.

Several two-stage methods exist that separately estimate the asset volatilities
and correlations [8]. The estimates are then combined to obtain the final covariance
estimate. In more detail, two-stage methods first form an initial covariance estimate
from the return samples and then use this estimate to form transformed returns.
Two-stage methods then form the final covariance estimate by using the initial
covariance estimate and an estimate of the covariance of the transformed returns
[8]. This procedure can be iterated to improve the quality of the covariance estimate
[18]. If the initial covariance estimate is diagonal and obtained by an EWMA and
the covariance of the transformed returns is also an EWMA, we get the iterated
EWMA (IEWMA) predictor [8], [19]. The transformed returns are then called
whitened (with volatilities close to one). The half-lives of the two EWMAs involved
are typically different, with the first one (used to estimate the asset volatilities) being



chapter 2. structural representation 15

smaller.
When the number of assets is large and the half-life (or the length of the returns

time-series) is small, naive covariance estimation leads to singular matrices. In these
cases, even though it might fail to capture information in the returns, a popular
remedy is to learn a factor model [2], which we discuss next. We use the terms
low-rank-plus-diagonal and factor model interchangeably, as they are equivalent in
the context of risk modeling.

2.2.2 Low-rank-plus-diagonal risk models

Factor models are a natural way to represent correlations among assets, because
assets in similar market sectors tend to behave similarly. We discuss methods that
produce risk models in low-rank-plus-diagonal form. These methods differ in how
they obtain the factor exposure matrix, the covariance of the factor returns, and
the covariance of the idiosyncratic returns. Each method corresponds to a different
category of factors: fundamental, macroeconomic, and statistical. Fundamental
and macroeconomic factors are built from observable economic, financial, or asset-
specific characteristics. Such a factor can correspond to a concept that has an intuitive
interpretation grounded in economics, corporate structure, or investor behavior [20].
Fundamental factors include industry/sector classifications, while macroeconomic
factors include style factors (e.g., value, momentum, and size). The macroeco-
nomic Fama-French factors [12], [13] are built from returns on value-weighted or
equal-weighted portfolios formed from characteristics such as size, book-to-market,
profitability, or investment. Statistical factors are extracted directly from historical
return data through dimensionality-reduction techniques [5], [8]. They attempt to
capture the main directions of covariance in the return vector without imposing any
economic interpretation.

Methods based on fundamental factors. In this case, we calculate the factor
exposure matrix and then estimate the factor returns by regressing the asset returns
on the factor exposures [21]. We estimate the covariance of the factor returns using
a method from Section 2.2.1 and the variances of the idiosyncratic returns similarly
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from the regression residuals. We mention an example of a fundamental factor:
the price-to-earnings ratio. We can assign the price-to-earnings ratio of each asset
as its exposure to the factor, perhaps with some cross-sectional (i.e., across-assets)
standardization.

Methods based on macroeconomic factors. In this case, we calculate the factor
returns first. For example, we can use the returns of style portfolios as the factor
returns. We then compute the factor exposure matrix by regressing the historical
asset returns on the historical factor returns [21]. We estimate the covariance of the
factor returns using a method from Section 2.2.1 and the variances of the idiosyn-
cratic returns similarly from the regression residuals. Note that the factor exposure
matrix estimation is separable across assets.

Methods based on statistical factors. Such methods start by computing an
empirical asset return covariance, as described in Section 2.2.1. The low-rank-plus-
diagonal structure is imposed by dimensionality reduction. Effectively, we find
the low-rank-plus-diagonal model that optimizes an objective involving the empir-
ical covariance. If we minimize the Frobenius norm between the model and the
empirical covariance estimate, then the solution is related to the top eigenvalues
(and corresponding eigenvectors) of the empirical estimate [22], [8, Section 8.2],
[23]. We can then set the idiosyncratic component of the risk model to match
the diagonal entries of the empirical covariance estimate. This approach tends to
underestimate the idiosyncratic risk. If we fit the risk model by maximizing the
Gaussian log-likelihood, then the solution can be obtained via an iterative algorithm
called expectation-maximization (EM) [8], [24], [25] or an alternating minimiza-
tion approach [26]. The EM algorithm is able to cleanly handle missing data. We
discuss important results related to fitting a low-rank-plus-diagonal model using
the Gausssian log-likelihood objective in Chapter A. These are not important for the
main flow of the chapter, but nevertheless we include them for completeness. Some
ideas in Chapter A are not found in prior literature to the best of our knowledge.

We note that the risk model is time-dependent as the factor exposures, factor
return covariance, and idiosyncratic return covariance are all time-dependent quan-
tities. The update frequency of the risk model can vary from daily to, e.g., quarterly,
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depending on the investor’s needs and the nature of the factors involved. The update
frequency can be a limiting factor when it comes to the responsiveness of the risk
model to changing market conditions. For example, a quarterly update frequency
may not be able to capture sudden market regime shifts or transient factors that
appear on shorter time scales.

Our contribution. We propose a method that can extend any given low-rank-
plus-diagonal risk model, either fundamental, macroeconomic, or statistical. Our al-
gorithm uses the history of observed returns and aweighted Gaussian log-likelihood
objective to refine the base model and extend it with additional statistical factors.
As such, it is a principled way to build hybrid models with both fundamental-
macroeconomic and statistical factors. Spector et al. [27] investigated how to assess
the statistical fit of an existing risk model and proposed a simple method to extend
the model by recursively adding factors. Our work is similarly based on a provided
model, but our method both refines the given risk model and adds new statistical
factors. Lee et al. [28] also propose extending a risk model by additional factors.
However, the asset exposures to these new factors are not estimated statistically, but
are instead constructed. The new factor exposures are thematic narrative exposures
built from news data. They are constructed based on how frequently the narrative
appears in news coverage about each asset. Furthermore, the covariance of the new
factor returns is estimated following an empirical approach that uses ordinary least
squares. In contrast, our approach relies on statistically learning the additional fac-
tors in order to improve the likelihood fit of the observed data. In addition, beyond
adding new factors, our approach also refines the covariance of the factor returns of
the base model.

We leave the algorithmic selection of the number of additional factors as fu-
ture work. We note that our approach preserves the factor exposures to the base
factors. As such, the methodology is particularly suitable when the base model
consists of fundamental factors. By choosing the log-likelihood weights based on an
EWMAwith an appropriate (typically short) half-life, our work can also be regarded
as a principled way to find additional transient factors in the returns, which are
commonly known as themes [29].
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2.3 Problem statement

Suppose at time t we are given a sequence of asset return vectors x1, . . . , xT ∈ Rn,
potentially with missing entries. We are also provided with the base asset return
covariance model

cov(xt) ≈ F1ΩbaseF>1 + Dbase, (2.3)

where F1 ∈ Rn×n1 is the matrix of factor exposures to the base factors, Ωbase is the
(positive definite) covariance of the base factor returns, and Dbase is a diagonalmatrix
with positive diagonal entries corresponding to the idiosyncratic asset variances. In
practice, the provided covariance model depends on time t, i.e., F1, Ωbase, and Dbase

depend on t. For simplicity we hide this dependence.

2.3.1 The extended risk model

We consider the extended asset return covariance model (this model also depends
on time t but we hide this dependence)

cov(xt) ≈
[

F1 F2

]
Σ f

[
F>1
F>2

]
+ D, (2.4)

where F2 ∈ Rn×n2 , Σ f ∈ R(n1+n2)×(n1+n2), and D ∈ Rn×n. D is a diagonal matrix
with positive diagonal entries and Σ f is a positive definite matrix. The number of
base factors is n1 and the number of added factors is n2. Typically the total number of
factors, n1 + n2, is much smaller than n. We look to find appropriate factor exposures
F2, factor return covariance Σ f , and idiosyncratic covariance D.

We make a distinction between the factors involved in F1 and F2.

• F1 is a known matrix of factor exposures, which have been measured and
provided to us. For example, F1 could be the matrix of factor exposures from
an MSCI Barra model [9]. However, the covariance of the factor returns
involved in F1 will be re-estimated, by learning Σ f . The only information from
the base model that the extendedmodel shall rely on without modification is
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the matrix of factor exposures F1. This is natural if the base model consists of
fundamental factors: in such amodel exposures are constructed from relatively
stable asset characteristics or classification rules, while the covariance of factor
returns is computed empirically.

• F2 denotes a matrix of unknown factor exposures representing residual factor
structure not captured by F1. Estimating F2 and Σ f therefore allows the model
to account for additional common sources of variation in asset returns beyond
those included in the base model.

Identifiability of the extended risk model

Consider first a general factor model and the implied covariance FΣ f F> + D, where
all the terms are unknown. This is different than our setting (2.4), where F1 is known.
In the general model, neither F nor Σ f are identifiable, since for any invertible matrix
R, setting

F̄ = FR, Σ̄ f = R−1Σ f R−>

yields the same covariance. With the Cholesky decomposition Σ f = L f L>f , another
equivalent form is

F̄ = FL f , Σ̄ f = I.

Since the latter is the easiest representation, the standard form for the general model
assumes Σ f = I.

Our case (2.4) is a little more complex, because F1 is known. We show that the
analogous representation for the family of risk models (2.4) is

[
F1 F2

] [Ω 0

0 I

] [
F>1
F>2

]
+ D, (2.5)

where Ω ∈ Rn1×n1 is a positive definite matrix, F2 ∈ Rn×n2 is arbitrary and D is
diagonal. Note that F2 is still only identifiable up to a rotation/reflection: if R is any
n2 × n2 orthogonal matrix, then the representation (2.5) with F2 replaced by F2R

is equivalent, since F2RR>F>2 = F2F>2 (a standard situation in factor models). We
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prefer the representation given by the family of models (2.5), because it ensures that
the additional factors remain identifiable (up to a rotation/reflection) and allows for
a decomposition of risk across the base factors F1 and the added factors F2. Family
(2.5) involves a smaller number of parameters compared to family (2.4), i.e., family
(2.4) is over-parameterized.

Lemma 2.1. The family of models given by the right-hand side of (2.4) is the same as the
family of models given by (2.5).

Proof. Consider a model Σ̂ (F2, Ω, D) in the family (2.5). Obviously, this model also
belongs to the family of models given by (2.4). Simply set

Σ f =

[
Ω 0

0 I

]
.

Now, consider the model Σ̂
(

F2, Σ f , D
)
in the family (2.4) and the decomposition

Σ f =

[
Σ f ,11 Σ f ,12

Σ f ,21 Σ f ,22

]
,

where Σ f ,11 ∈ Rn1×n1 and let

Φ =

I Σ f ,12Σ−1/2
f ,22

0 Σ1/2
f ,22

 , Ω = Σ f ,11 − Σ f ,12Σ−1
f ,22Σ f ,21.

The matrix Ω is positive definite as the Schur complement of Σ f . Because Σ f is
positive definite, Σ f ,22 is also positive definite.

We can write

Σ̂
(

F2, Σ f , D
)
=
[

F1 F2

]
Φ

[
Ω 0

0 I

]
Φ>

[
F>1
F>2

]
+ D

=
[

F1 F1Σ f ,12Σ−1/2
f ,22 + F2Σ1/2

f ,22

] [Ω 0

0 I

] [
F1 F1Σ f ,12Σ−1/2

f ,22 + F2Σ1/2
f ,22

]>
+ D.

(2.6)
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Therefore, the model Σ̂
(

F2, Σ f , D
)
in the family (2.4) can be represented by a model

in the family (2.5).

From (2.6), it becomes evident that the columns of the added factor exposure
matrix F2 are not necessarily orthogonal to the columns of F1. There exists another
representation that is equivalent to (2.4) and (2.5), but constrains the new factor
exposure matrix F2 to have orthogonal columns to F1. Although not necessary for
the purposes of this chapter, the lemma is given below.

Lemma 2.2. Consider the family of risk models (2.4). This is equivalent to the family of
risk models given by

Σ̂
(

F2,⊥, Σ f , D
)
=
[

F1 F1,⊥

]
Σ f

[
F>1
F>1,⊥

]
+ D, (2.7)

where F>1,⊥F1 = 0.

Proof. Consider a risk model Σ̂
(

F2,⊥, Σ f , D
)
in the family (2.7). It is obviously

included in family (2.4).
Now consider a risk model Σ̂

(
F2, Σ f , D

)
in family (2.4). We can write

F2 = F1U + F1,⊥V,

where the columns of F1,⊥ are an orthonormal basis of the orthogonal complement
of the range of F1. We can then rewrite the risk model as

Σ̂
(

F2, Σ f , D
)
=
[

F1 F1,⊥

] [ I U

0 V

]
Σ f

[
I 0

U> V>

] [
F1 F1,⊥

]>
+ D

Therefore, the two families are the same.

Lee et al. [28] extend a provided risk model with F2 that has orthogonal columns
to F1. In the remainder of the chapter, we will consider the representation given by
family (2.5) for the extended model.
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2.3.2 Estimation objective

We assume that at each time τ = 1, . . . , T we only observe the returns xτ on a subset
of assets indexed by the setOτ ⊆ {1, . . . , n}. LetMτ = {1, . . . , n} \ Oτ be the set of
assets with missing returns at time τ. We denote the observed portion of the return
at τ as xτ,obs and the missing portion as xτ,mis.

Let pθ(x) be the probability density function of the Gaussian N (0, F̃Ω̃F̃> + D),
where

F̃ =
[

F1 F2

]
, Ω̃ =

[
Ω 0

0 I

]
, (2.8)

and N (µ, Σ) is the Gaussian distribution with mean µ and covariance Σ. The
covariance of the Gaussian N (0, F̃Ω̃F̃> + D) belongs to the family of extended risk
models (2.5). Set the family of all components to be estimated as θ =: (F2, Ω, D).
We estimate θ by solving

maximize
θ

∑
τ≤T

wτ`(θ; xτ,obs), (2.9)

where
`(θ; xτ,obs) = log pθ(xτ,obs),

and, with a slight abuse of notation, pθ(xτ,obs) is themarginal density of the observed
returns at time τ induced by the density function pθ(x). The weights wτ are non-
negative and sum to 1. In our setting, they reflect the assumption that more recent
observations are more informative and should therefore receive larger weights.
Although we do not write it explicitly, Ω is positive definite and D is diagonal with
positive entries in its diagonal.

Problem (2.9) maximizes the weighted sum of the Gaussian log-likelihoods
of the observed data. Although the distribution of financial returns may not be
Gaussian, a Gaussian model is still a reasonable second-order approximation to the
cross-sectional structure; in many risk-model applications the main object of interest
is the covariance matrix, not the exact tail behavior [8]. The Gaussian assumption
also gives a simple tractable framework for estimating and manipulating covariance
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structure.
For most daily or even weekly equity returns, the means are typically tiny com-

pared to the random fluctuations. Therefore, assuming a zero mean often has little
practical effect when the goal is to estimate the covariance. Nevertheless, we can ac-
count for a non-zero mean, by first estimating the mean return and then subtracting
it from the return samples.

2.4 Solution via expectation-maximization

We first discuss the case where all returns are observed, i.e., Oτ = {1, . . . , n} for all
τ = 1, . . . , T. We then discuss the case of missing returns.

2.4.1 Fully observed returns

We suppose that the current time is t andwe have observed the (full) return samples
x1, . . . , xT ∈ Rn. We are also given the base risk model F1ΩbaseF>1 + Dbase. In reality,
there is time dependence in the base risk model parameters, but we drop the time
index t for simplicity as before.

The following lemma holds.

Lemma 2.3. For fully observed returns, problem (2.9) is equivalent (i.e., has the same set
of solutions) to

minimize
F2,Ω,D

KL
(
N (0, Σ)‖N (0, F̃Ω̃F̃> + D)

)
, (2.10)

and
maximize

θ
Ex∼N (0,Σ) log pθ(x), (2.11)

where
Σ = ∑

τ≤T
wτxτx>τ . (2.12)
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Proof. By the linearity of the trace operator and the fact that ∑τ≤T wτ = 1, we get

∑
τ≤T

wτ log pθ(xτ)

= −1
2

trace

((
F̃Ω̃F̃> + D

)−1
∑

τ≤T
wτxτx>τ

)
− 1

2
log det

(
F̃Ω̃F̃> + D

)
− 1

2
n log(2π)

= −1
2

trace
((

F̃Ω̃F̃> + D
)−1

Σ
)
− 1

2
log det

(
F̃Ω̃F̃> + D

)
− 1

2
n log(2π).

(2.13)
Problem (2.10) is equivalent (has the same solution) to

maximize
θ

Ex∼N (0,Σ) log pθ(x), (2.14)

by expanding the KL divergence objective. By the cyclic property and the linearity
of the trace operator

Ex∼N (0,Σ) log pθ(x) =

− 1
2

trace
((

F̃Ω̃F̃> + D
)−1

Σ
)
− 1

2
log det

(
F̃Ω̃F̃> + D

)
− 1

2
n log(2π).

(2.15)

This proves the claim.

Based on this, we observe that for any zero-mean distribution P with covariance
Σ it holds that

Ex∼N (0,Σ) log pθ(x) = Ex∼P log pθ(x). (2.16)

This justifies talking about problem (2.11) as maximum likelihood estimation, as
we are maximizing the expected likelihood of the GaussianN (0, F̃Ω̃F̃> + D) under
the generic distribution P.

We fit (F2, Ω, D) by solving problem (2.11) iteratively using the expectation-
maximization (EM) algorithm [21]. We estimate θ = (F2, Ω, D) in the Gaussian
factor model x = F̃s + ε, where s ∼ N (0, Ω̃), ε ∼ N (0, D), and ε is independent of
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s. The density of x is pθ(x). Given the current iterate θk = (Fk
2 , Ωk, Dk), EM solves

maximize
θ

Ex∼N (0,Σ)Es∼qk(s;x) log
pθ(x, s)
qk(s; x)

, (2.17)

where qk(s; x) is the conditional density of factors s given returns x under the model
θk. The density pθ(x, s) is the joint density of x and s under model θ. Problem (2.17)
is a lower bound for problem (2.11). EM first computes

Ex∼N (0,Σ)Es∼qk(s;x) log pθ(x, s) (2.18)

as a function of θ, using the conditional moments of s given x under model θk

(expectation-step). This can be done analytically using standard formulas. It then
re-estimates θ by maximizing the objective (maximization-step). This yields closed
form expressions.

We show how to obtain the EM update for problem (2.11) in Chapter B. The
steps are outlined in Algorithm 2.1. In the case that the number of factors in F1 is
zero (n1 = 0), our algorithm reduces to the standard EM algorithm [8], [24].

As demonstrated in Section B.4, the log-likelihood is (not strictly) monotone
increasing with each iteration of Algorithm 2.1. Furthermore, we expect that the
diagonal of the obtained risk model will be close to the diagonal of Σ from our
analysis in Chapter A. When fitting a low-rank-plus-diagonal model by maximizing
the Gaussian log likelihood, this is implied by the first-order optimality condition
with respect to D [26, Chapter 9].

Particular attention should be given to the calculation of Σ and the initialization
of the involved quantities in Algorithm 2.1. We set Σ to be an empirical covari-
ance estimate based on the observed sample returns. We choose the exponentially
weighted moving average (EWMA) covariance estimate

Σ = αT

T

∑
τ=1

βT−τxτx>τ , αT =

(
T

∑
τ=1

βT−τ

)−1

=
1− β

1− βT , (2.19)

where the forgetting factor β is expressed in terms of the half-life H = − log 2/ log β.
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Algorithm 2.1 EM for maximum likelihood risk model extension

1: Inputs: sample returns x1, . . . , xT ∈ Rn, base risk model F1ΩbaseF>1 + Dbase
where F1 ∈ Rn×n1

2: Parameters: number of additional factors n2, number of iterations Niterations,
half-life H, small positive threshold ν > 0

3: Obtain Σ as an EWMA of the observed returns with forgetting factor β =
(1/2)1/H

. Initialization
4: Regress the returns x1, . . . , xT on the factor exposure matrix F1 and obtain the

residuals δ1, . . . , δT ∈ Rn

5: Stack the residuals as ∆ =
[
δ1 · · · δT

]
6: Obtain the empirical covariance 1

T
∆∆>. Take its eigendecomposition. Let Λ ∈

Rn2×n2 be the diagonal matrix of the top n2 eigenvalues of the covariance and
U ∈ Rn×n2 be the matrix of the corresponding eigenvectors.

7: k← 0
8: Fk

2 ← UΛ1/2

9: F̃k ←
[
F1 Fk

2

]
10: Ωk ← Ωbase

11: Ω̃k =

[
Ωk 0
0 I

]
12: Dk = max{diag

(
Σ− F̃kΩ̃k F̃>k

)
, ν}, where max is elementwise and diag(·)with

a matrix argument returns the diagonal elements
13: for k = 1, . . . , Niterations

. Expectation-step
14: G−1

k ← F̃>k D−1
k F̃k + Ω̃−1

k

15: Lk ← Gk F̃>k D−1
k , where Lk =

[
Lk

1
Lk

2

]
, where Lk

1 ∈ Rn1×n, Lk
2 ∈ Rn2×n

16: Ck
ss ← Gk + LkΣL>k where Ck

ss =

[
Ck

ss,11 Ck
ss,12

Ck,>
ss,12 Ck

ss,22

]
and Ck

ss,11 ∈ Rn1×n1 , Ck
ss,12 ∈

Rn1×n2 , Ck
ss,22 ∈ Rn2×n2

17: Σ̃k ← Σ + F1Ck
ss,11F>1 − 2ΣLk,>

1 F>1
18: Ck

xs ← ΣLk,>
2 − F1Ck

ss,12
. Maximization-step

19: Ωk ← Ck
ss,11

20: Ω̃k =

[
Ωk 0
0 I

]
21: Fk

2 ← Ck
xsC

k,−1
ss,22

22: F̃k ←
[
F1 Fk

2

]
23: Dk ← diag

(
Σ̃k − Ck

xsC
k,−1
ss,22Ck,>

xs

)
24: return Fk

2 , Ωk, Dk
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Our ability to pick up transient factors depends on the choice of the half-life param-
eter: a short half-life will allow us to pick up short-lived, rapidly changing effects,
but if it is too short it may primarily capture noise rather than meaningful signal,
whereas a longer half-life will emphasize more persistent, slowly evolving factors,
but may overly smooth the data. The EWMA is not the only choice of covariance
estimate. For example, we can use an IEWMA estimate. The EWMA or IEWMA
estimates can be sensitive to outliers, and in this case more sophisticated approaches
might be preferable.

The initialization for F2 is based on the singular value decomposition of the
residual returns of the base model. This is because the additional factors should
explain the variance left unexplained by the base model. The initialization for D

preserves the asset volatilities, as given by Σ. The algorithm typically converges
after 20− 30 iterations.

2.4.2 Missing returns

One significant advantage of the EM approach is its ability to handle missing data.
We can modify our approach to accommodate such data. We include the details of
the EM approach with missing returns data in Chapter C.

2.5 Statistical results

We consider the time period between 2018-06-27 and 2023-12-28. This period con-
tains the COVID-19 period that is characterized by high market volatility. Our
universe consists of the US large-capitalization equities in the BlackRock Systematic
investment universe for which we observe complete return data over the period
2018-06-27 and 2023-12-28. We restrict attention to assets with uninterrupted return
histories and do not consider the version of our approach that explicitly accommo-
dates missing returns for simplicity in evaluating performance: the statistical fit
metrics that we consider rely on observed returns. This restriction induces a degree
of survivorship bias but allows us to focus on the core mechanism by which our
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approach refines a general risk model to a targeted investment universe.
Our universe consists of 870 assets. We have access to daily returns. At every

time t, the returns x1, . . . , xt are known. The return xτ corresponds to the time period
between day τ − 1 and day τ. The low-rank-plus-diagonal covariance estimate at
time t is denoted

Σ̂t = F̂t F̂>t + D̂t. (2.20)

Note that we hide the factor return covariance (specifically its square root) in F̂t.
Below Σ̂t will correspond to either

• the base model at time t, in which case F̂t = F1,tΩ1/2
t,base (F1,t is the provided

factor exposure matrix) and D̂t = Dt,base,

• the extended model at time t, in which case F̂t =
[

F1,t F̂2,t

] [Ω̂1/2
t 0

0 I

]
, where

F̂2,t, Ω̂t, and D̂t are obtained by Algorithm 2.1,

• an exposure-misaligned extended risk model at time t, in which case F̂t =[
F1,t ΠF̂2,t

] [Ω̂1/2
t 0

0 I

]
, where F̂2,t, Ω̂t, and D̂t are obtained by Algorithm 2.1

and Π is a random permutation matrix. This model serves as a baseline to
show that uncovering hidden structure in the asset returns is not a trivial
problem. ΠF̂2,t assigns the exposures to the additional factors of one asset
to another asset, destroying any meaningful structure that was learned by
Algorithm 2.1. We call this baseline the extended (permuted) model below.

Our base model is the Barra short-termUS riskmodel, which is updatedmonthly.
The base model consists of 73 factors for the universe of 870 assets. The 73 factors
include sectors, such as aerodefense, airlines, and banks, where the exposure is
binary (0 or 1), and factors where the exposures are not binary, e.g., the beta factor.
We extend the base model with an additional 7 factors. This number is considered a
good choice overall, as it allows the extended model to learn information missed by
the base model, but also mitigates the risk of overfitting. We update the extended
model on a daily basis. We use an EWMA with a half-life of H = 126 days as Σ



chapter 2. structural representation 29

on each day. We do not optimize over the choice of the half-life or the number of
additional factors in this chapter.

We compare the three models–the base, the extended, and the extended (per-
muted) model–with respect to their statistical fit out-of-sample. For this purpose
we consider several metrics that correspond to separate subsections below. We
evaluate the three models in the time period between 2019-06-26 and 2023-12-28.
The evaluation period contains COVID-19. We consider the days before 2019-06-26
to be the burn-in period for the extended model.

Throughout, we assume that daily returns are zero-mean. This is the case for
most daily, weekly, or monthly stock, bond, and futures returns, factor returns, and
index returns [8].

2.5.1 Log likelihood and regret

At every day t, we compute the log likelihood of the next return, xt+1, under our
current model

lt(Σ̂t) = −
1
2

(
n log(2π) + log det Σ̂t + xT

t+1Σ̂−1
t xt+1

)
. (2.21)

This metric is based on the assumption that the daily asset returns are Gaussian,
which, as we saw earlier, is a reasonable assumption. To judge the risk models, a
loss function is required and the Gaussian is a reasonable choice. A large value of
log likelihood indicates a good statistical fit and suggests that the data is highly
likely under our model.

Given the series of returns, the best constant predictor (in terms of log likelihood)
is the empirical sample covariance

Σemp =
1
T

T

∑
t=1

xtx>t , (2.22)

with log likelihood at time t, lt(Σemp). Here t = 1 corresponds to 2019-06-27 and
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t = T corresponds to 2023-12-28. We therefore also report the difference

∆t = lt(Σemp)− lt(Σ̂t). (2.23)

This is a measure of regret and measures how much the covariance estimate under-
performs the best possible constant covariance predictor. We want our covariance
estimate to have small regret. Note that the regret can be negative, because our
covariance is time-dependent, i.e., a time-dependent covariance can outperform
Σemp.

Our results are included in Table 2.1. We show both the average log likelihood
and regret over the evaluation period, but also the standard deviation of these
averages. The extended model obtains a lift in both log-likelihood and regret. The
extended (permuted) model is worse than the base model.

Model Average Log
Likelihood

Std. of Average
Log-Likelihood

Average
Regret

Std. of Average
Regret

Base 2330.53 33.77 491.38 33.15
Extended 2371.73 27.99 450.18 27.30
Extended (permuted) 2273.73 38.59 548.18 38.01

Table 2.1: Log likelihood and log likelihood regret metrics.

2.5.2 Whitened returns

For each risk model, we compute out-of-sample whitened returns and their empir-
ical correlation matrix. We judge the risk model by the discrepancy between the
empirical correlation matrix and the implied (by the risk model) correlation matrix
of the whitened returns.

In detail, consider an arbitrary risk model Σ̂t for every time t. Under the hypoth-
esis that the risk model is true and the returns are zero-mean, then cov(xt) = Σ̂t

and cov(Σ̂−1/2
t xt) = I, where I is the identity.

We now collect the out-of-sample whitened returns {Σ̂−1/2
t xt+1}T

t=1 that should
have the identity as the covariance under this hypothesis. We compute the Frobenius
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norm between the empirical correlation matrix (n × n matrix) of the whitened
returns {Σ̂−1/2

t xt+1}T
t=1 and their theoretical correlation matrix assuming the risk

model is true, i.e., the identity matrix I. We report the Frobenius norm for each
risk model in Table 2.2. A larger normalized Frobenius norm indicates a greater
discrepancy between the risk model and the covariance structure of the realized
returns. The extended model achieves the best fit.

Model Frobenius norm of correlation
matrix to identity

Base 67.15
Extended 49.20
Extended (permuted) 68.36

Table 2.2: Results for the whitened returns.

2.5.3 Whitened residuals

We perform a similar procedure to the previous section, but instead of looking at
out-of-sample whitened returns, we focus on out-of-sample whitened residuals. We
describe our approach using an arbitrary risk model Σ̂t for every time t.

At time t, we solve the out-of-sample ordinary least squares problem

minimize
st

‖xt+1 − F̂tst‖2
2 (2.24)

and compute the residual
δ̂t = xt+1 − F̂t ŝt (2.25)

where ŝt is the solution of (2.24).
We assume that the risk model Σ̂t holds for the returns, i.e., the returns follow

xt = F̂tst + εt, cov(st) = I, cov(εt) = D̂t.

By letting Mt = I − F̂t(F̂>t F̂t)−1F̂>t , it also holds that the in-sample ordinary least
squares residuals et (where we solve (2.24) but replacing xt+1 with xt) are equal to
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Mtεt. Since Mt is an orthogonal projection matrix it can be written as Mt = UtU>t ,
where Ut is orthonormal. Let zt = U>t et. Then cov(zt) = U>t D̂tUt and

cov
(
(U>t D̂tUt)

−1/2zt

)
= I. (2.26)

We collect the out-of-sample whitened residuals

{(U>t D̂tUt)
−1/2U>t δ̂t}T

t=1 (2.27)

and compute the Frobenius norm between the empirical correlation matrix of the
out-of-sample whitened residuals and their theoretical correlation matrix under the
assumption that the risk model holds, i.e., the identity I. For each of the risk models,
we report the Frobenius norm in Table 2.3. A larger normalized Frobenius norm
indicates a greater discrepancy between the risk model and the covariance structure
of the realized returns. The extended model achieves the best statistical fit.

Model Frobenius norm of correlation
matrix to identity

Base 62.80
Extended 43.65
Extended (permuted) 49.86

Table 2.3: Results for the residuals.

2.5.4 Out-of-sample R2

If the extended model uncovers covariance structure that the base model misses,
then it should be able to better estimate out-of-sample returns. In other words, the
extended model should explain more of the out-of-sample returns variance. We
measure this by computing the out-of-sample R2. We analyze the R2 obtained from
estimating returns and the R2 obtained from estimating the residuals relative to
the base factors, recognizing that these quantities are closely related. A higher R2

implies a better statistical fit. A negative R2 implies that the model is worse than
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simply predicting zero.

Out-of-sample R2 for the returns

At time t, we split the n assets in two disjoint groups Gtrain and Gtest (we suppress
the dependence on t for these two groups for clarity). We solve the out-of-sample
maximum likelihood problem tied with the risk model (2.20), but limited to the set
of assets Gtrain:

minimize
st

(
xtrain

t+1 − F̂train
t st

)>
D̂train,−1

t

(
xtrain

t+1 − F̂train
t st

)
+ s>t st, (2.28)

where the superscript train indicates that we only consider the assets in Gtrain. In
other words, our estimate of the factor returns is the conditional expectation under
our factor model given the returns in train. We then compute the predicted returns
for the assets in Gtest as

x̂test
t+1 = F̂test

t st
?, (2.29)

where st
? is the solution of (2.28). This is the conditional expectation under our

factor model given the returns in train. Finally, we compute the R2 between the
predicted next-day returns and the actual next-day returns for the assets in Gtest:

R2
t = 1−

‖xtest
t+1 − x̂test

t+1‖2
2

‖xtest
t+1 − 0‖2

2
. (2.30)

Using zero as the mean is reasonable for asset returns. A higher R2 implies that the
risk model captures more of the structure present in the returns, as it is able to better
estimate out-of-sample returns. We compute R2

t for every day in the evaluation
period.

For each of 30 replications, at each time t we randomly split the assets into a
test and train set (90% of the assets are in the train set and the remaining 10% is
in the test set at each time) and compute the corresponding out-of-sample return
R2

t . We then average R2
t across replications at each t to obtain a cross-replication

mean time series. This time series is shown in Figure 2.2. The extended model
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consistently captures covariance structure that the base model misses, resulting in
a higher out-of-sample return R2. Nevertheless, the base model also captures a
significant amount of structure in the returns. The extended (permuted) model
performs significantly worse: assigning the added factors’ exposures of one asset to
another is enough to wash out the covariance structure uncovered by Algorithm 2.1.
This indicates that uncovering hidden structure in the asset returns is not a trivial
problem. The extended (permuted) model is significantly worse at the end of 2023.
This is consistentwith a significant regime shift that occurred in theUS equitymarket
during the final quarter of 2023. The transition was from a narrow market led only
by a few technology giants to a more broad-based rally. In this period, misaligning
exposures across assets leads to a significant degradation in performance.

The 90/10 split is chosen to ensure that the train set is large enough to obtain
meaningful factor return estimates, while the test set is large enough to obtain
meaningful out-of-sample R2 estimates. We have verified that other splits (e.g.,
50/50) lead to similar conclusions.

For each risk model we report a point estimate and a dispersion for the R2. The
reported point estimate corresponds to the time average of the cross-replication
mean. The reported dispersion measure is the standard deviation of the average
across time of the cross-replication mean. These results are included in Table 2.5.
The extended model offers an improvement in R2.
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Figure 2.1: Out-of-sample return predictability (R2) across time. At each of 30
replications, assets are randomly split into train and test sets (90/10) at each time,
and the out-of-sample (next-day for test assets) return R2 is computed for each day.
Lines report the rolling mean (window = 100 days) of the cross-replication average
R2. The shaded bands indicate the±1 rolling mean of the cross-replication standard
deviation of R2 (window = 100 days), providing a smoothed measure of sampling
variability across random splits.

Model Point estimate Dispersion

Base 0.445 0.006
Extended 0.454 0.006
Extended (permuted) 0.363 0.02

Table 2.4: Results for the out-of-sample return R2.
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Out-of-sample R2 for the base residuals

We repeat the same procedure as above, but now we compute the R2 for estimating
the residuals with respect to the base factors, which we call the base residuals. We
check whether the extended model is able to capture structure in the out-of-sample
base residuals that is missed by the base model. This methodology is similar, but
not identical, to the measure of out-of-sample performance proposed by Spector et
al. [27].

At each time t, we split the n assets in two disjoint groups Gtrain and Gtest (again
we suppress the dependence on t).

• Extended model. In this case, F̂t =
[

F̂1,t F̂2,t

]
, where F̂1,t = F1,tΩ̂1/2

t corre-
sponds to the n1 base factors and F̂2,t corresponds to the added n2 factors. We
first compute the Gtrain residuals with respect to the base factors by solving

minimize
s(1)t

s(1),>t s(1)t +

(
xtrain

t+1 − F̂1,ts
(1)
t

)> (
F̂2,t F̂>2,t + D̂train

t

)−1 (
xtrain

t+1 − F̂1,ts
(1)
t

)
,

(2.31)

where the superscript train indicates that we only consider the assets in Gtrain.
The Gtrain residuals with respect to the base factors are then:

εtrain
t+1 = xtrain

t+1 − F̂train
1,t s(1),?t , (2.32)

where s(1),?t is the solution of (2.31). In other words, we use the conditional
expectation for the base factor returns under our factor model. Problem (2.31)
gives just that because the remaining term in the factor model, excluding the
term with the base factors has covariance F̂2,t F̂>2,t + D̂t and is independent of
the base factors.

We then estimate the added factors’ returns by regressing the base residuals
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on the added factors’ exposures:

minimize
s(2)t

(
εtrain

t+1 − F̂train
2,t s(2)t

)>
D̂train,−1

t

(
εtrain

t+1 − F̂train
2,t s(2)t

)
+ s(2),>t s(2)t ,

(2.33)
with solution s(2),?t .

We now compute the residuals for the assets in Gtest with respect to the base
factors by solving

minimize
s(1)t

(
xtest

t+1 − F̂test
1,t s(1)t

)> (
F̂test

2,t F̂test,>
2,t + D̂test

t

)−1 (
xtest

t+1 − F̂test
1,t s(1)t

)
+ s(1),>t s(1)t ,

(2.34)
and setting

εtest
t+1 = xtest

t+1 − F̂test
1,t s̃(1),?t , (2.35)

where s̃(1),?t is the solution of (2.34).

Finally, we compute the predicted base residuals for the assets in Gtest using
the added factors as

ε̂test
t+1 = F̂test

2,t s(2),?t , (2.36)

and find the R2 between the predicted next-day base residuals and the actual
next-day base residuals for the assets in Gtest

R2
t = 1−

‖εtest
t+1 − ε̂test

t+1‖2
2

‖εtest
t+1 − 0‖2

2
. (2.37)

A positive R2 here indicates that the added factors are able to explain existing
structure in the out-of-sample residuals that is missed by the base factors. We
note that the predicted base residuals for Gtest only depend on the next day’s
returns of the assets in Gtrain, while the base residuals for Gtest only depend
on the next day’s returns of the assets in Gtest. Our ability to predict the latter
using the former depends on the quality of the risk model.
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• Base model. In this case F̂t =
[

F1,tΩ1/2
t,base

]
, where F1,t corresponds to the

provided base factor exposures and Ωt,base corresponds to the provided base
factor covariance at time t, i.e., F1,t corresponds to F1 and Ωt corresponds to
Ωbase of Section 2.4.

We compute the residuals on Gtest by solving (2.34) and using (2.35)wherewe
replace F̂1,t with F1,tΩ1/2

t,base and F̂2,t with 0. We then compute the R2 between
the predicted base residuals and the actual residuals for the assets in Gtest as

R2
t = 1−

‖εtest
t+1 − 0‖2

2

‖εtest
t+1 − 0‖2

2
= 0. (2.38)

Our prediction is 0 because there are no added factors to explain the base
residuals in the base model.

A positive R2 for the extended model (2.37) implies that it captures additional
structure present in the base residuals. The R2

t (2.38) for the base model should be
0 as there is no assumed structure in the base residuals for this model. We compute
R2

t for every day in the evaluation period.
For each of 30 replications, at each time t we randomly split the assets into a test

and a train set (the train set contains 90% of the assets and the test set the remaining
10%) and compute the corresponding out-of-sample residual R2

t at each time t. For
the extended model and the extended (permuted) model we use eq. (2.37), while
for the basemodel we use eq. (2.38). We then average R2

t across replications at each t

to obtain a cross-replication mean time series. This time series is shown in Figure 2.2.
The extended model consistently captures residual structure that the base model
misses, resulting in a positive out-of-sample residual R2. The extended (permuted)
model obtains an R2 that is negative. This implies that a wrong exposure attribution
for the added factors leads to a model that is worse than simply predicting zero for
the out-of-sample base residuals. The behavior of the extended (permuted) model
at the end of 2023 is in line with our observations from Figure 2.2.

For each risk model we report a point estimate and a dispersion for the R2. The
reported point estimate corresponds to the time average of the cross-replication
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mean. The reported dispersion measure is the standard deviation of the average
across time of the cross-replication mean. These results are included in Table 2.5.
The extended model offers an improvement in R2.

2020-01 2020-07 2021-01 2021-07 2022-01 2022-07 2023-01 2023-07 2024-01
Time

0.1

0.0

0.1

0.2

0.3

0.4

re
si

du
al

 R
²

base
extended
extended (permuted)

Figure 2.2: Out-of-sample predictability (R2) of the residuals with respect to the
base model’s factors across time. At each of 30 replications and at each time, assets
are randomly split into train and test sets (90/10), and the out-of-sample (next-day
for test assets) R2 of the base residuals is computed for each day. Lines report the
rolling mean (window = 100 days) of the cross-replication average R2. The shaded
bands indicate the ±1 rolling mean of the cross-replication standard deviation of
R2 (window = 100 days), providing a smoothed measure of sampling variability
across random splits.

2.5.5 Predictive ability of added factors

We demonstrate that the added factors of the extended model capture structure
present in the returns that the base factors miss. In this section we consider the
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Model Point estimate Dispersion

Base 0.0 0.0
Extended 0.125 0.005
Extended (permuted) −0.013 0.001

Table 2.5: Results for the out-of-sample residual R2.

extended risk model F̂t =
[

F̂1,t F̂2,t

]
, where F̂1,t = F1,tΩ̂1/2

t corresponds to the n1

base factors and F̂2,t corresponds to the added n2 factors.
We consider the null hypothesis

xt = F̂1,ts
(1)
t + ε̃t, (H0) (2.39)

where s(1)t , ε̃t are independent, and the elements of ε̃t are independent. In other
words, we assume there is no added structure, other than the base factors. We will
show that our predictive ability is not consistent with this hypothesis.

We split the n assets in two disjoint groups Gtrain and Gtest (again we suppress
the dependence on t) and solve the out-of-sample ordinary least squares problems

minimize
st

‖xtrain
t+1 − F̂train

1,t st‖2
2, (2.40)

minimize
st

‖xtest
t+1 − F̂test

1,t st‖2
2. (2.41)

We compute the optimal residuals

δ̂train
t = xtrain

t+1 − F̂train
1,t st

?,train (2.42)

and
δ̂test

t = xtest
t+1 − F̂test

1,t st
?,test (2.43)

where st
?,train and st

?,test are the solutions of (2.40) and (2.41), respectively. Under
the null, it holds that δ̂train

t and δ̂test
t are independent. In other words, under the null

the residuals δ̂train
t are not predictive of the residuals δ̂test

t : the highest possible R2

value is 0.
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Now let
Ptrain

t =
(

I − F̂train
1,t (F̂train,>

1,t F̂train
1,t )−1F̂train,>

1,t

)
F̂train

2,t (2.44)

Ptest
t =

(
I − F̂test

1,t (F̂test,>
1,t F̂test

1,t )−1F̂test,>
1,t

)
F̂test

2,t . (2.45)

Under the alternative hypothesis that the extended risk model holds, i.e., the addi-
tional factors exist and

xt = F̂1,ts
(1)
t + F̂2,ts

(2)
t + εt, (H1), (2.46)

the in-sample residuals of the train and test assets with respect to the base factors
have factor exposures to s(2)t equal to Ptrain

t and Ptest
t , respectively. We estimate s(2),?t

by solving
minimize

st
‖δ̂train

t − Ptrain
t st‖2

2. (2.47)

and make the prediction
δ̃test

t = Ptest
t s(2),?t (2.48)

for δ̂test
t . Under the null, the best prediction would be 0 for δ̂test

t (assume F̂2,t = 0)

and the max R2 would also be 0. If the R2

R2
t = 1− ‖δ̂

test
t − δ̃test

t ‖2
2

‖δ̂test
t − 0‖2

2
(2.49)

is positive, then we are able to predict δ̂test
t from δ̂train

t , which should not be possible
under the null. Therefore, this would be evidence against the null and in favor of
the discovered added factors. This methodology is inspired by Spector et al. [27].
We call this the mosaic test inspired by the title of their chapter [27].

For each of 30 replications, at each time t we randomly split the assets into a
test and a train set (the train set contains 90% of the assets and the test set the
remaining 10%) and compute the corresponding out-of-sample residual R2

t (2.49)
at each time t for the extended and extended (permuted) risk models. We then
average R2

t across replications at each t to obtain a cross-replication mean time series.
This time series is shown in Figure 2.3. The predictive ability implied by the positive
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out-of-sample R2 for the extended model is evidence that the added factors are
present (equivalently evidence against the null).

We also carry out the procedure for the extended (permuted) model. The
extended (permuted) model obtains an R2 that is negative. This implies that a
wrong exposure attribution for the added factors does not allow us to reject the null
hypothesis of no added factors with this model.

For each risk model we report a point estimate and a dispersion for the R2. The
reported point estimate corresponds to the time average of the cross-replication
mean. The reported dispersion measure is the standard deviation of the average
across time of the cross-replication mean. These results are included in Table 2.5.
The extended model offers an improvement in R2.

Model Point estimate Dispersion

Extended 0.0125 0.002
Extended (permuted) −0.0168 0.0005

Table 2.6: Evidence (R2) against the null ‘no added factors’. A positive value
indicates the existence of added factors in the returns.

2.6 Portfolio performance

We also evaluate the performance of the risk models in a portfolio optimization task.
We consider a long-short portfolio optimization problem, similar to the ones solved
bymost hedge-funds [5]. At every time t that trades are calculated, our optimization
problem involves an alpha term, E[rt]>w, transaction costs, and borrow costs, and
a constraint involving the risk model available at time t that limits the portfolio
volatility. We also include a turn-over limit, weight limits, and trade limits.

We perform the same backtest over the same time period for each family of risk
models. For the portfolio corresponding to the extended model, we use the covari-
ance matrix implied by the extended risk model at each time t in our optimization
problem. For the portfolio corresponding to the base model, we use the covariance
matrix implied by the base risk model at each time t.
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Figure 2.3: Evidence against the null ‘no added factors’ (R2) for the extended and
extended (permuted) risk models. At each of 30 replications and at each time, assets
are randomly split into train and test sets (90/10), and the out-of-sample R2 (2.49)
is computed for each day. Lines report the rolling mean (window = 100 days) of
the cross-replication average R2. The shaded bands indicate the ±1 rolling mean of
the cross-replication standard deviation of R2 (window = 100 days), providing a
smoothed measure of sampling variability across random splits.

The Pareto frontier for the two portfolios is shown in Figure 2.4. The extended
model’s portfolio dominates the base model’s portfolio, as it achieves higher returns
for the same level of realized risk. This is consistent with our previous results
showing that the extended model captures more structure in the returns than the
base model.

Nevertheless, the performance of the risk models in the portfolio optimization
task should not be taken as a direct consequence of the statistical fit results. A
statistically better risk model need not perform better for portfolio optimization, as
the latter depends on the specific optimization problem and the quality of the alpha
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Figure 2.4: Risk–return tradeoff as a function of realized volatility for the base and
extended risk models.

signal. There are cases where a bad alpha signal can lead to a better performance
when a statistically worse risk model is used in the optimization. This happens
for example if the risk model over-estimates risk and overly constrains any trades,
which can be beneficial if the alpha signal is very bad.

2.7 Discussion

We propose a methodology to refine a provided low-rank-plus-diagonal risk model
and extend it with additional statistical factors. Our method is based on maximum
likelihood estimation and is an instance of the expectation-maximization algorithm.
Our method is particularly useful if the provided risk model is only infrequently
updated, but we would like to incorporate information in shorter time horizons
as well. We empirically show that this modification can improve the risk model’s
statistical fit even when the provided risk model is of high quality. Our approach is
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also able to handle missing returns data.
However, we note that adding factors does not necessarily improve statistical

fit [27]. Furthermore, the effectiveness of our approach depends on the quality
of the factors in the original risk model, namely the quality of the provided factor
exposure matrix.

We leave the problem of selecting the number of additional factors as future
work, although we do note that a value in the range 2-10 typically worked well.
A simple approach to selecting the number of factors would be by looking at the
out-of-sample R2.

In the future, we plan to combine our extension methodology with factor selec-
tion in the base model. This can be helpful if the base model has many factors, but
only a few of them are relevant. We can reduce the number of base factors using,
e.g., forward selection, and then apply our extension methodology to the reduced
base model. We can also consider learning an F2 with a specified range, if we wish
to capture specific factors.

Deriving the EM update for a block-diagonal matrix D would be useful for
extending a factor model that captures both equities and exchange traded funds
(ETFs). In addition, adding a penalty that encourages sparsity in the precision
matrix in our objective can be useful as a form of regularization.

Future work will also deal with interpreting the added statistical factors. This
can be done by looking at the cross-sectional correlation of the added factors with
existing themes or by querying a large language model.



3 Geometric representation

In the previous chapter, we discussed a method to estimate a covariance model. We
studied the problem of portfolio optimization where the covariance is sufficient
to capture portfolio risk. Many control problems however require more granular
information of uncertainty compared to what the covariance provides, e.g., cases
with multi-modal uncertainty or important tail events. The extreme case is a control
problem that depends on the distribution of uncertainty. For example, suppose we
wish to steer the distribution of the state of a dynamical system to a target distribution.
Scalable ways to compute the similarity between two probability distributions then
become important.

In this chapter, we introduce a representation of uncertainty based on one-
dimensional projections that allows to efficiently compare two high-dimensional
distributions. As such, the representation can be helpful for control problems that
involve the distribution of uncertainty. We call this representation geometric because
it is based on Euclidean projections.

The geometric representation is a family of distances between the probability
distributions of two random variables that is based on the discrepancy between the
cumulative distribution functions of random linear one-dimensional projections
of the random variables. Our proposed distance is interpretable, computationally
simple, and admits a differentiable approximation. We establish asymptotic the-
oretical guarantees for sample-based estimators of the distance. We empirically
study the use of the distance in two-sample tests and demonstrate its ability to
distinguish different distributions. Finally, we show that the distance allows for
simple gradient-based solutions in control by studying distribution steering and

46
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ergodic control.

3.1 Introduction

Quantifying how far two probability distributions are from one another is a central
task in many sequential decision making applications, such as distribution steer-
ing [30], [31], [32], and ergodic control [33], [34]. In distribution steering, the
Kullback–Leibler divergence [30], the Wasserstein distance [31], or the difference
between the moments of the distributions [32] is often used. In ergodic control,
the discrepancy between the Fourier coefficients of the two distributions has been
suggested [34], [35], while the distance from the simplex center has been explored
in sequential problems [36].

For the case of distributions over the reals, various notions of similarity have been
proposed, such as divergences [37], the Wasserstein metric [38], the Kolmogorov
distance [39], and the continuous ranked probability score (CRPS) [40]. Many of
these (i.e., the first three) extend to higher dimensions, but become computationally
heavy. The last one cannot be easily extended to dimensions larger than one. To
compute distances between high-dimensional distributions, in the machine learning
literature [41], [42], projection-based methods have been proposed. These methods
average discrepancies between one-dimensional projections of the distributions
and therefore are typically called sliced. Any of the aforementioned discrepancies
for distributions over the reals can then be used for the discrepancy between the
one-dimensional projections. To the best of our knowledge, sliced techniques are
not commonly used in the area of control. This is because random projections make
safety guarantees harder and the variance of sliced distances can be large, which
can lead to poor performance.

In this chapter, we unify prior work in sliced distances and introduce a family of sliced
distances between two distributions that is based on the cumulative distribution functions
(CDFs) of their linear one-dimensional projections. Specifically, we measure the expected
dissimilarity between the CDFs of their one-dimensional linear projections. We allow for
flexibility in choosing the dissimilarity function; various sliced distances are members of our
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Figure 3.1: Overview of our proposed family of distances between the distributions
of two random variables X and Y. We average discrepancies between the CDFs
of linear one-dimensional projections of the random variables. The distributions
of the random variables are represented as sets of samples here. We only depict
a single projection (and the corresponding CDF of the projection of each random
variable) for illustration purposes, but the distance is computed by averaging over
many projections.

proposed family, as discussed below. The distances in our introduced family are interpretable
and a differentiable estimate can be found using samples from the two distributions; we
simply average (functions of) the difference in probability content over chosen half-spaces for
the two distributions. The main elements of our proposed distance are summarized
in Figure 3.1.

Su et al. [43] proposed Lp distances betweenCDFs for the space of one-dimensional
distributions. However, they did not leverage projection-averaging to scale to higher
dimensions and did not consider other distances between the CDFs. We take in-
spiration from distributionally robust control where linear projections of random
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variables are used to define interpretable and easy-to-handle constraints [44]. By
providing the first (to our knowledge) proof-of-concept applications, through simple gradient-
based algorithms, to distribution steering and ergodic control, we demonstrate that the
introduced family of distances can be effectively used in control.

The remainder of the chapter is organized as follows. In Section 3.2, we discuss
existingwork on distances and sliced variants. In Section 3.3we provide a unification
by introducing the proposed family of distances between distributions. In Section 3.4,
we prove asymptotic results for estimators of the distance. In Section 3.5, we describe
a practical algorithm to approximately compute the distance. In Section 3.6, we
show the performance of this algorithm in two-sample tests. Finally, using the
distance, in Section 3.8 we compute a control sequence for ergodic control, while
in Section 3.7 we determine controllers for distribution steering. We conclude the
chapter in Section 3.9.

3.2 Prior work

We discuss various projection-based strategies in turn and compare them against
our proposed family of distances. Applications of such methods span generative
modeling, clustering, and barycenter computation, where full multivariate optimal
transport is infeasible [41], [45].

The sliced Wasserstein (SW) distance makes multivariate Wasserstein distances
tractable by projecting the distributions onto one-dimensional subspaces and av-
eraging their Wasserstein distances. The Wasserstein distance can be calculated in
closed form in one dimension and involves the integral of the pointwise absolute
difference of the CDFs [46]. Building on this idea, Kolouri et al. [42] proposed
generalized sliced Wasserstein (GSW) distances using nonlinear projections, as
well as max-sliced variants that optimize, rather than average, over projections.
Projection-robust sliced Wasserstein distances that seek maximally discriminative
subspaces have also ben suggested [47]. The SW is included in our introduced family of
distances.
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The Gromov–Wasserstein distance looks at the minimum expected absolute dif-
ference of distances between points generated by each distribution. The minimum is
over the coupling of the distributions, setting the two distributions as the marginals.
In the one-dimensional case, under assumptions, the distance can be computed by
solving a quadratic assignment problem. By performing random one-dimensional
projections of the two distributions and averaging their Gromov–Wasserstein dis-
tance we obtain the sliced variant [48]. The sliced Sinkhorn distance relies on the
entropy-regularized optimal transport cost and can be computed by solving the dual
of a convex program [37]. Our distance does not require solving any inner optimization
problem.

Closely related to our proposed family of sliced distances are two statistics
used for multivariate two-sample tests; the projection-averaged Cramer-von-Mises
statistic and the projection-averaged Kolmogorov-Smirnov (KS) statistic. The former
applies the discrepancy function d( f , g) =

∫ ∞
−∞( f (x)− g(x))2dx to the CDFs of the

random one-dimensional projections and is shown to have an efficient closed-form
solution by Kim et al. [49] and by Li et al. [50]. The latter applies the discrepancy
function d( f , g) = supx | f (x)− g(x)| to the CDFs of the random one-dimensional
projections [39]. The KS statistic can be used as the dissimilarity function in our proposed
family of distances. The square root of the Cramer-von-Mises statistic can similarly be used
as the dissimilarity function.

The maximum mean discrepancy (MMD) compares two distributions through
the largest difference in expectations over a prescribed class of functions F ,

MMDF (P, Q) = sup
f∈F

∣∣EX∼P[ f (X)]−EY∼Q[ f (Y)]
∣∣ . (3.1)

When F is the unit ball of a reproducing kernel Hilbert space, the resulting dis-
crepancy is equal to the distance between the kernel mean embeddings of the two
distributions and can be evaluated using kernel expectations [51], [52], [53]. From
a projection-based perspective, the functions f may be viewed as potentially non-
linear scalar projections of the random variables. MMD then selects the projection
that maximizes the difference between the projected means, rather than comparing
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the full one-dimensional projected distributions. With an appropriate kernel, this
collection of nonlinear projections is sufficiently rich for the discrepancy to distin-
guish probability distributions [54]. In contrast, our proposed family explicitly applies a
univariate distributional dissimilarity to each projected distribution and then aggregates the
resulting discrepancies over a chosen set of projections.

3.3 The family of distances between distributions

Suppose X : ΩX → Rn and Y : ΩY → Rn are two random variables, defined over
potentially different probability spaces (ΩX,FX, PX) and (ΩY,FY, PY), respectively.
We introduce a class of distances between the laws (or induced probability measures
on Rn) of X and Y that is based on linear one-dimensional projections of X and Y.

We first define the distance for the set C of univariate CDFs f : R→ [0, 1].

Definition 3.1. (Distance in C). A function d : C × C → R∪ {∞} is a distance for
the set C if and only if it satisfies the following axioms:

1. Non-negativity: d( f , g) ≥ 0,

2. Symmetry: d( f , g) = d(g, f ),

3. Triangle inequality: d( f , g) ≤ d( f , h) + d(h, g),

4. Identity of indiscernibles: d( f , g) = 0⇔ f (x) = g(x) for all x.

Next, we define the one-dimensional linear projection of an n-dimensional ran-
dom variable.

Definition 3.2. (One-dimensional linear projection of a random variable). Let
q̃ ∈ Rn be a vector. Then, Xq̃ := q̃>X is a linear one-dimensional projection of X.

By considering Xq̃ as a weighted sum of the coordinates of X, it is obvious that
Xq̃ is a random variable over (ΩX,FX, PX), as a Borel function of X. Because Xq̃ is
a one-dimensional random variable, it admits a CDF, Fq̃

X(t) := P
(
q̃>X ≤ t

)
.

We now define our measure of similarity between the laws (distributions) of X

and Y.



chapter 3. geometric representation 52

Definition 3.3. (Measure of similarity between distributions). Suppose Pq :=

(Ωq,Fq, Pq) is a probability space and q : Ωq → Sn is a random variable over Pq,
where Sn is the unit sphere in n dimensions. Suppose d is a distance in C. Letting
ω′ ∈ Ωq, we consider the random variable d(Fq(ω′)

X , Fq(ω′)
Y ) over Pq. We define the

following measure of similarity between the laws of random variables X and Y,
respectively:

∆(X, Y) := Eq
[
d(Fq

X, Fq
Y)
]

. (3.2)

Note that the random variable q takes values only on the unit sphere. This is a

choice justified by the fact that Fq
X(t) = F

q
‖q‖

X (t/‖q‖) for q 6= 0. Moreover, although
presented in the context of Rn, ∆(X, Y) is also applicable for distributions over
matrices because matrices can be equivalently viewed as vectors (by stacking their
columns or rows). It is important to note that ∆(X, Y) depends on the distribution
of the random variable q on the unit sphere. A common choice is to use a uniformly
distributed q, but, as we will see later on, this is not the only one. The uniform
distribution is a good choice if we believe the coordinates of X and Y are similar in
magnitude. If this is not the case, we should upweight the small coordinates of the
random variables by using a non-uniform distribution for q (with larger values in
the coordinates of q corresponding to the small coordinates of X and Y).

We now prove that ∆(X, Y) is a distance in the space of distributions.

Theorem 3.4. (Distance property). ∆(X, Y), as given in (3.2), is a distance in the space
of distributions.

Proof. The non-negativity property of ∆ follows from the non-negativity property of
d. Similarly, the symmetry property of ∆ follows from the symmetry property of d.

We now prove the triangle inequality. Consider an additional random variable
Z : ΩZ → Rn over (ΩZ,FZ, PZ). Then:

∆(X, Y) := Eq
[
d(Fq

X, Fq
Y)
]

≤ Eq
[
d(Fq

X, Fq
Z) + d(Fq

Z, Fq
Y)
]

= ∆(X, Z) + ∆(Z, Y).

(3.3)
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Finally, we prove the identity of indiscernibles.
(⇒). Suppose X and Y are equal in distribution: X D

= Y. Then, for all q̃ ∈ Sn, it
holds that Fq̃

X = Fq̃
Y pointwise. This implies that d(Fq̃

X, Fq̃
Y) = 0 for all q̃ ∈ Sn, by the

zero identity of d. Therefore Eq
[
d(Fq

X, Fq
Y)
]
= 0 and we obtain ∆(X, Y) = 0.

(⇐). Suppose ∆(X, Y) = 0. Then Eq
[
d(Fq

X, Fq
Y)
]
= 0. By Markov’s inequality,

for any α > 0

Pq
(
d(Fq

X, Fq
Y) ≥ α

)
≤

Eq
[
d(Fq

X, Fq
Y)
]

α
= 0. (3.4)

Therefore d(Fq
X, Fq

Y) = 0 with probability 1, which implies that Fq
X = Fq

Y pointwise
with probability 1. Assuming the support of q is all Sn, we obtain that for all q̃ ∈ Sn:
q̃>X D

= q̃>Y, which implies that for all q̃ ∈ Rn: q̃>X D
= q̃>Y. By applying the

Cramér–Wold theorem [55], it follows that X D
= Y. Intuitively, if the two random

vectors X and Y agree on each projection, then they have the same distribution.

Specific cases

Any function d that satisfies the requirements of Theorem 3.1 can be used in ∆(X, Y).
Here, we outline a few choices.

• Suppose d( f , g) = supx | f (x)− g(x)|. In this case, ∆(X, Y) is the expected KS
distance between linear one-dimensional projections of X and Y. This choice
of d can be particularly helpful, if we care about the maximum disagreement
between the CDFs and not where the disagreement occurs.

• Suppose that d( f , g) =
∫ ∞
−∞ | f (x)− g(x)|dx. Then, ∆(X, Y) captures the ex-

pected total difference between the CDFs of linear one-dimensional projections
of X and Y. This is equivalent to the 1-Wasserstein distance on distributions.
Note that we can generalize to d( f , g) =

∫ ∞
−∞ c(x)| f (x)− g(x)|dx for function

c such that c(x) > 0 for all x. This can be helpful, if there are specific values of
x for which we care about the agreement of the two CDFs.

• We can generalize the above point to d( f , g) = (
∫

c(x)| f (x)− g(x)|pdx)1/p

for p ≥ 1. In other words, our family admits Lp distances between the CDFs
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of the linear one-dimensional projections of X and Y.

3.4 A sample-based estimator

We define a sample-based estimator of ∆(X, Y). For simplicity we will assume that
Fq̃

Y is known for all fixed q̃. This can occur, for example, if we wish to compute the
distance of the distribution of X to a known distribution; the distribution of Y.

Suppose we are given the samples (represented as random variables)

(qi, Xi,1, . . . , Xi,N)
H
i=1

in a probability space with probability measure Q = Pq × (×N
k=1PX). The inner

sample size N will be used to estimate CDFs, while the outer sample size H will be
used to estimate the expectation in (3.2). The samples qi are assumed independent
and identically distributed to q. Similarly, the samples Xi,j are assumed independent
and identically distributed to X. Further, (qi)

H
i=1 ⊥ (Xi,1, . . . , Xi,N)

H
i=1, where ⊥

denotes independence.
For each i, we can obtain an estimator of Fqi,N

X by calculating the empirical CDF
of the samples (Xi,1, . . . , Xi,N):

F̂qi,N
X (t) =:

1
N

N

∑
j=1

1

(
q>i Xi,j ≤ t

)
. (3.5)

We drop the dependence on N for simplicity below. We can now define an estimator
for ∆(X, Y) as follows.

Definition 3.5. (Estimator of ∆(X, Y)). Let ∆̂(X, Y) be the following sample-based
estimator of ∆(X, Y):

∆̂(X, Y) =:
1
H

H

∑
i=1

d(F̂qi
X , Fqi

Y ). (3.6)

We study the asymptotic behavior of the estimator. First, we determine the
asymptotic convergence of its mean and variance, and then provide an approxima-
tion for its asymptotic distribution.
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Theorem 3.6. (Asymptotic mean of estimator). Let g : C → R. Suppose d(·, g) :

C → R is continuous with respect to the sup-norm in its first argument and bounded above
uniformly by a constant M for all g. Then, the estimator ∆̂(X, Y) is asymptotically unbiased,
as N → ∞.

Proof. Obviously:
E
[
∆̂(X, Y)

]
= E

[
d(F̂qi

X , Fqi
Y )
]

.

By the tower property of expectation

E
[
d(F̂qi

X , Fqi
Y )
]
= E

[
E
[
d(F̂qi

X , Fqi
Y ) | qi

]]
, (3.7)

and, in turn, by the independence assumptions, for any realization q̃ of q,

E
[
d(F̂qi

X , Fqi
Y ) | qi = q̃

]
= EP

[
d(F̂q̃

X, Fq̃
Y)
]

, (3.8)

where P = ×N
i=1PX. Eq. (3.8) states that the conditional expectation of the distance

for a given realization of q is equal to the expected distance for the given linear
one-dimensional projection.

By the Glivenko—Cantelli theorem,

P
(

supx|F̂
q̃
X(x)− Fq̃

X(x)| → 0
)
= 1, (3.9)

where the limit is for N → ∞. The continuity assumption of d implies that

1 = P
(

supx|F̂
q̃
X(x)− Fq̃

X(x)| → 0
)

≤ P
(

d(F̂q̃
X, Fq̃

Y)→ d(Fq̃
X, Fq̃

Y)
) (3.10)

and therefore d(F̂q̃
X, Fq̃

Y)
a.s.−→ d(Fq̃

X, Fq̃
Y) as N → ∞. Because d is bounded, we apply

the dominated convergence theorem to get

EP

[
d(F̂q̃

X, Fq̃
Y)
]
→ d(Fq̃

X, Fq̃
Y) as N → ∞. (3.11)

This result holds for every realization q̃.
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The boundedness of d implies that EP

[
d(F̂q̃

X, Fq̃
Y)
]
is also bounded by the same

constant for any realization q̃. Therefore, the random variable E
[
d(F̂qi

X , Fqi
Y ) | qi

]
is

bounded and, by applying the dominated convergence theorem to it, we get

E
[
∆̂(X, Y)

]
→ Eq

[
d(Fq

X, Fq
Y)
]
= ∆(X, Y) (3.12)

as N → ∞.

Various choices of d satisfy the continuity condition required by Theorem 3.6. For
example, suppose d( f , g) = maxx | f (x)− g(x)|. Consider the sequence of functions
fn(x) such that maxx | fn(x)− f (x)| → 0. Then:

d( fn, g) ≤ max
x
| fn(x)− f (x)|+ max

x
| f (x)− g(x)|,

d( f , g) ≤ max
x
| fn(x)− f (x)|+ max

x
| fn(x)− g(x)|,

and we obtain

lim
n→∞

d( fn, g) ≤ d( f , g), lim
n→∞

d( fn, g) ≥ d( f , g),

i.e., limn→∞ d( fn, g) = d( f , g). The same result holds for d( f , g) =
∫ ∞
−∞ c(x)| f (x)−

g(x)|dx, where c is a probability density function (PDF). To see this, the reader can
follow the steps outlined above.

Furthermore, because CDFs are constrained between 0 and 1, we see that both
d( f , g) = maxx | f (x)− g(x)| and d( f , g) =

∫ ∞
−∞ c(x)| f (x)− g(x)|dx satisfy d( f , g) ≤

1, i.e., are bounded.

Corollary 3.7. (Asymptotic variance of estimator). Let g : C → R. Suppose d(·, g) :

C → R is continuous with respect to the sup-norm in its first argument and bounded above
uniformly by a constant M for all g. Then,

var
[
∆̂(X, Y)

]
→ 1

H
varq

[
d(Fq

X, Fq
Y)
]

as N → ∞. (3.13)
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Proof. Obviously

var
[
∆̂(X, Y)

]
=

1
H

var
[
d(F̂qi

X , Fqi
Y )
]

(3.14)

and
var

[
d(F̂qi

X , Fqi
Y )
]
=

E
[
d2(F̂qi

X , Fqi
Y )
]
−E

[
d(F̂qi

X , Fqi
Y )
]2

.
(3.15)

We study the asymptotic behavior of the two terms on the right-hand side in turn.
By a similar argument as in Theorem 3.6, we obtain

P
(

d2(F̂q̃
X, Fq̃

Y)→ d2(Fq̃
X, Fq̃

Y)
)
= 1 (3.16)

for all realizations q̃. Because d is bounded, by applying the dominated convergence
theorem, we get

EP

[
d2(F̂q̃

X, Fq̃
Y)
]
→ d2(Fq̃

X, Fq̃
Y) as N → ∞. (3.17)

A second application of the dominated convergence theorem, this time for the
sequence of random variables E

[
d2(F̂qi

X , Fqi
Y ) | qi

]
, gives

E
[
d2(F̂qi

X , Fqi
Y )
]
→ Eq

[
d2(Fq

X, Fq
Y)
]

as N → ∞. (3.18)

By Theorem 3.6, we directly get

E
[
d(F̂qi

X , Fqi
Y )
]2 → ∆2(X, Y) as N → ∞. (3.19)

By combining (3.18) and (3.19), we get the result.

Theorem 3.6 and Theorem 3.7 provide the asymptotic mean and variance of
∆̂(X, Y), respectively. We can also determine the asymptotic distribution of ∆̂(X, Y).

Theorem 3.8. (Asymptotic distribution of estimator). Let g : C → R. Suppose
d(·, g) : C → R is continuous with respect to the sup-norm in its first argument and
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bounded above uniformly by a constant M for all g. Then,

√
H
(
∆̂(X, Y)− ∆(X, Y)

) D−→ N
(
0, varq

[
d(Fq

X, Fq
Y)
])

, (3.20)

as H, N → ∞.

Proof. Suppose NH is a strictly increasing function of H. Consider the triangular
array of random variables

Z(1)
1

Z(1)
2 Z(2)

s
... ... . . .

Z(1)
H Z(2)

H . . . Z(H)
H

... ... ... ... . . .

,

where (
Z(i)

H

)H

i=1
=:(

d(F̂qi,NH
X , Fqi

Y )−E
[
d(F̂qi,NH

X , Fqi
Y )
])H

i=1
,

(3.21)

and each F̂qi,NH
X depends on (Xi,k)

NH
k=1. Obviously

E
[

Z(i)
H

]
= 0, var

[
Z(i)

H

]
= var

[
d(F̂q1,NH

X , Fq1
Y )
]

.

By Theorem 3.7, var
[

Z(i)
H

]
→ varq

[
d(Fq

X, Fq
Y)
]
as H → ∞. We define

Z̄(H) :=
1
H

H

∑
i=1

Z(H)
i .

Because the distance d is bounded, we can easily confirm that the Lindeberg condi-
tion

1
H

H

∑
i=1

E

[(
Z(H)

i

)2
1

(
|Z(H)

i | ≥ ε
√

H
)]
→ 0, as H → ∞ (3.22)
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holds for all ε > 0. By applying the Lindeberg central limit theorem [56], we obtain

√
HZ̄(H) D−→ N

(
0, varq

[
d(Fq

X, Fq
Y)
])

, as H → ∞. (3.23)

This implies the desired result.

Theorem 3.8 proves the intuitive fact that an estimator based on empirical aver-
ages is asymptotically normally distributed. It also allows us to better understand
the behavior of ∆̂(X, Y). Specifically, suppose ∆(X, Y) = α, where α ∈ [0, 1]. By
approximating d(Fq

X, Fq
Y) as a Bernoulli random variable with probability of success

α, we get that varq
[
d(Fq

X, Fq
Y)
]
= α(1− α). Therefore, the asymptotic signal-to-noise

ratio for the estimator is
√

Hα/(1− α). This is an increasing function of α. This, in
turn, means that it is easier to conclude that two distributions are different than to
conclude that two distributions are similar. Further, by increasing the number of
samples H, we can reduce the standard error as desired.

3.5 A practical algorithm

We suggest a practical way to approximately compute ∆(X, Y) for a specific choice
of the function d. For this choice of d we argue that ∆(X, Y) is easily computable
and interpretable. We will assume

d(Fq
X, Fq

Y) =:
∫ ∞

−∞
c(x | q)|Fq

X(x)− Fq
Y(x)|dx, (3.24)

where c(x | q) is a PDF. We can write

d(Fq
X, Fq

Y)

=
∫ ∞

−∞
c(x | q)|P

(
q>X ≥ x

)
−P

(
q>Y ≥ x

)
|dx

(3.25)

and interpret d as the expected (with respect to PDF c(·|q)) absolute difference in
probability content of X and Y on half-spaces with normal vector q. In this case, we
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can write

∆(X, Y) =∫
Sn

∫ ∞

−∞
pq(q̃)c(x | q̃)|P

(
q̃>X ≥ x

)
−P

(
q̃>Y ≥ x

)
|dxdq̃,

(3.26)

where pq is a PDF over Sn. This distance shares similarities with the sliced Wasser-
stein distances [42] and the continuous ranked probability score [40].

Eq. (3.26) shows that ∆(X, Y) effectively samples random half-spaces and com-
putes the difference in probability within each half-space for the two random vari-
ables X and Y. Therefore ∆(X, Y) can be interpreted as the expected difference in
probability content within a half-space for the two distributions.

Because |P
(
q̃>X ≥ x

)
− P

(
q̃>Y ≥ x

)
| ∈ [0, 1], we notice that ∆(X, Y) is con-

strained between 0 and 1. Although, wewill not discuss it further, thismakes ∆(X, Y)

ideal as a reward for sequential decision-making algorithms like Monte Carlo tree
search (MCTS), where scaling the cost can significantly improve performance [57],
[58], [59].

In various applications one of the random variables, X or Y, is represented as a
set of samples, while the PDF of the other is given explicitly. This is common, for
example, in distribution steering, where the target distribution is given as a PDF,
while the current state is given as a set of samples. Suppose that the PDF of Y is
given as a Gaussian mixture model (GMM). The GMM is a universal approximator,
in the sense that any smooth density can be approximated with arbitrary error by a
GMM [60]. We show that P

(
q>Y + b ≥ 0

)
can be computed in closed form. This

holds because
Ey∼N (ȳ,Σ)1

(
qTy + b ≥ 0

)
= P (r ≥ 0) , (3.27)

where r ∼ N (qT ȳ + b, qTΣq) is a one-dimensional Gaussian. The last probability
can be easily computed. Therefore, if Y follows a GMM density µY, we can compute
Ey∼µY1

(
qTy + b ≥ 0

)
as follows: we weight the probabilities of the form (3.27) for

each component of the GMM by their corresponding weights and add the results.
Assuming X is given as a set of samples {xi}N

i=1 and the PDF of Y, µY, is known
explicitly, we show how to approximate ∆(X, Y) in Algorithm 3.1 with complexity
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O (HN(n + nvalues)). We denote the output of Algorithm 3.1 as DH,nvalues(X, Y).

Algorithm 3.1 Approximation of ∆(X, Y) with d as in (3.24)
1: Inputs: density µY of Y, samples {xi}N

i=1 of X
2: Parameters: H, nvalues,
3: ∆← 0
4: for k = 1, . . . , H
5: get a half-space qk ∈ Sn according to the density pq(·)
6: for j = 1, . . . , nvalues
7: get a value bj ∈ R according to the density c(· | qk)

8: psamples ←
1
N ∑N

i=1 1
(
q>k xi ≥ bj

)
9: pµY ← Ey∼µY1

(
q>k y ≥ bj

)
10: ∆← ∆ +

1
Hnvalues

|psamples − pµY |

11: return ∆

An important aspect in Algorithm 3.1 is the procedure for obtaining the vectors
qk and the values bj. The approximate value for ∆(X, Y), DH,nvalues(X, Y), depends
on this choice. Although Algorithm 3.1 works for arbitrary densities pq(·) and c(·|q),
uniformly sampling the directions qk from the unit sphere and picking the bj as the
quantiles of the sample set {q>k xi}N

i=1 worked well in practice.
The modifications necessary to Algorithm 3.1 in the case that Y is represented as

a set of samples or the PDF of X is given explicitly are obvious.

3.5.1 Differentiability considerations

In many applications, it is important for the estimate DH,nvalues(X, Y) to be differen-
tiable with respect to the samples {xi}N

i=1. For example, in distribution steering we
want to find a controller that steers the distribution of the samples {xi}N

i=1 towards a
target distribution µY. The estimate provided by Algorithm 3.1 is not differentiable,
because the indicator function in line 8 is not differentiable. We can obtain a differen-
tiable modification of the estimate by replacing 1(q>k xi ≥ bj) with σ

(
V(q>k xi − bj)

)
,

where σ is the sigmoid function and V is a large scalar. We pick V = 100, which
makes the resulting function steep near the origin. Below, when taking the gradient
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of DH,nvalues(X, Y) we assume the sigmoid approximation is used. The gradient of
DH,nvalues(X, Y) is a stochastic gradient of ∆(X, Y).

3.6 Two-sample tests

Anydistance between twodistributions (or, empirically, between two sets of samples)
should satisfy two important properties.

• It should be able to tell whether two sets of samples are produced by the same
distribution.

• It should be able to tell whether two sets of samples are produced by different
distributions.

This is the purpose of a two-sample test, which is a statistical test that determines
whether two sets of samples are produced by the same distribution or not.

The set-up is as follows. We consider two sets of samples {Xi}N
i=1 and {Yi}N

i=1 in
Rn produced by distributions µX and µY, respectively, and the two cases for µX and
µY:

H0 : µX = µY, HA : µX 6= µY. (3.28)

We then look at the distribution of the distance between {Xi}N
i=1 and {Yi}N

i=1 in each
case. If the distributions of the distance in the two cases are easily discernible, then
we can conclude that the distance is effective in distinguishing between the two
cases.

An important consideration is the need to decide upon a mechanism that takes
as input the value of the distance and outputs a decision whether the samples are
produced by the same distribution or not (accept or reject the null hypothesis H0,
respectively). This is typically done by selecting a threshold value for the distance.
Selecting the threshold value is a trade-off between the probability of false positives
(rejecting H0 when it is true) and the probability of false negatives (accepting H0

when it is false). It is a challenging task, especially when we only have access to
the samples {Xi}N

i=1 and {Yi}N
i=1. A simple approach is to select the threshold value
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as a percentile of the distribution of the distance between subsets of samples from
{Xi}N

i=1. The intuition is that for these subsets of samples, the null hypothesis H0 is
true, and therefore the distribution of the distance between these subsets of samples
is a good approximation of the distribution of the distance in the null case. The
distance should typically be larger than the threshold value in the alternative case.

In this section, we examine the performance of the distance estimate DH,nvalues(X, Y)

by Algorithm 3.1 in this context. First, we look at the case involving onlymultivariate
Gaussian distributions, and then we consider a challenging case of non-Gaussian
distributions.

3.6.1 The Gaussian case

We look at the empirical distribution of DH,nvalues(X, Y) in the null H0 and alternative
HA cases for n = 2 and n = 50. The randomness in DH,nvalues(X, Y) comes from the
drawn samples, {Xi}N

i=1 and {Yi}N
i=1, and the half-spaces in Algorithm 3.1. We set

N= 1000, H= 300 and nvalues= 100. In the null case H0 the samples are produced
from µX and µY that are N (0, I). For each n, we consider two alternative cases:
(µX = N (0, I), µY = N (0.2, I)) and (µX = N (0, I), µY = N (0, 1.3I)). The results
are included in Figure 3.2. The distributions of DH,nvalues(X, Y) in the null and
alternative case are easily discernible.

3.6.2 A non-Gaussian case

We compare the behavior of the proposed sliced distance in Algorithm 3.1 with sev-
eral commonly used discrepancies between multivariate distributions, as a function
of the dimension n. The objective of this experiment is to evaluate how effectively
each discrepancy distinguishes two distributions that have identical first and sec-
ond moments but differ in their higher-order structure. This setting is particularly
relevant for distributional comparison because methods that primarily capture dif-
ferences in location or covariance cannot distinguish the two populations in this
case.
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Figure 3.2: The empirical distribution of D300,100(X, Y) for the null case and different
alternative cases in the two-sample test for Gaussian distributions. The randomness
comes from the drawn samples for X and Y and the selection of half-spaces in
Algorithm 3.1. In all experiments, the null case is µX = µY = N (0, I). Each
experiment corresponds to a particular choice of the dimensionality n and the
alternative case. The distribution of D300,100(X, Y) is shown in blue for the null case
and in orange for the alternative. The mean values are denoted by vertical dotted
lines.
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For each dimension n, we consider a null and an alternative experiment. Under
the null experiment, both sample sets are generated independently from the same
standard multivariate Gaussian distribution,

X ∼ N (0, In), Y ∼ N (0, In). (3.29)

Under the alternative hypothesis, the first sample set remains Gaussian, while the
second is generated from a product Laplace distribution,

X ∼ N (0, In), Yj
iid∼ Laplace

(
0,

1√
2

)
, j = 1, . . . , n. (3.30)

A scalar Laplace random variable with scale parameter b has variance 2b2. The
choice b = 1/

√
2 therefore ensures that each coordinate of Y has unit variance.

Consequently, the Gaussian and Laplace distributions in the alternative experiment
have the same mean vector and covariance matrix,

E[X] = E[Y] = 0, Cov(X) = Cov(Y) = In. (3.31)

The two distributions differ only through higher-order features such as tail behavior,
kurtosis, and the shape of their level sets. Their PDFs are illustrated in Figure 3.3. The
experiment therefore measures the ability of each discrepancy to detect differences
beyond the first two moments.

For every dimension, we generate two independent empirical sample sets of
size N = 1000. The experiment is repeated over multiple Monte Carlo trials. In
each trial, we compute the proposed sliced CDF distance, a kernel maximum mean
discrepancy, an empirical Wasserstein distance, and a kernel-density-based estimate
of the Kullback–Leibler divergence. For each distance/discrepancy, we report the
mean and standard deviation across trials under both the null and alternative
distributions.
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Figure 3.3: Comparison of the two distributions in (3.30). The distributions differ
only in higher-order characteristics. We denote the PDFs and the level sets.
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Sliced CDF distance. For the sliced comparison, we independently sample L direc-
tions

q` ∼ Unif
(

Sn−1
)

, ` = 1, . . . , L, (3.32)

by drawing standard Gaussian vectors and normalizing them to unit Euclidean
norm. We use L = 600. For each direction, the samples are projected onto the real
line,

x(`)i = q>` Xi, y(`)j = q>` Yj. (3.33)

We then compute the L1 distance between the corresponding empirical cumulative
distribution functions F̂X,`(t) and F̂Y,`(t),

dCDF

(
q>` X, q>` Y

)
=
∫ ∞

−∞

∣∣∣F̂X,`(t)− F̂Y,`(t)
∣∣∣ dt. (3.34)

For empirical CDFs on the real line, this integral can be evaluated exactly by par-
titioning the real line at the pooled projected observations. It is also equal to the
empirical one-dimensional 1-Wasserstein distance. The final sliced discrepancy is
the average over sampled directions,

d̂sliced(X, Y) =
1
L

L

∑
`=1

dCDF

(
q>` X, q>` Y

)
. (3.35)

Thus, no density estimation or inner optimization problem is required. The only
approximation is the finite Monte Carlo average over projection directions.

Maximum mean discrepancy. We also compute the maximum mean discrepancy
using a Gaussian radial basis function kernel,

kσ(x, y) = exp

(
−‖x− y‖2

2
2σ2

)
. (3.36)
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Given empirical samples {Xi}N
i=1 and {Yj}N

j=1, we use the biased, nonnegative esti-
mator

M̂MD
2
(X, Y) =

1
N2

N

∑
i=1

N

∑
i′=1

kσ(Xi, Xi′) +
1

N2

N

∑
j=1

N

∑
j′=1

kσ(Yj, Yj′)

− 2
N2

N

∑
i=1

N

∑
j=1

kσ(Xi, Yj).

(3.37)

We report M̂MD, rather than its square. The biased estimator includes the diagonal
kernel terms and is equal to the norm of the difference between the two empirical
kernel mean embeddings. It is therefore nonnegative up to numerical precision.

The kernel bandwidth is selected separately in each trial using the median
heuristic. In particular, σ is set equal to themedian of the nonzero pairwise Euclidean
distances in the pooled sample. We use a pooled sample of 500 datapoints. To limit
the cost of the bandwidth calculation, the median is estimated using at most a fixed
number of pooled observations when the total sample size is large. The full sample
sets are nevertheless used in the MMD estimator itself. This bandwidth choice
adapts the kernel scale to the typical distance between observations, although its
dependence on dimension should be kept in mind when interpreting the results.

Empirical Wasserstein distance. As a multivariate optimal-transport benchmark, we
compute the empirical 2-Wasserstein distance. For two equally weighted empirical
distributions with the same number of observations, this takes the form

Ŵ2
2 (X, Y) = min

π∈Sn

1
n

n

∑
i=1

∥∥∥Xi −Yπ(i)

∥∥∥2

2
, (3.38)

where Sn denotes the set of permutations of {1, . . . , n}. The optimal permutation is
obtained by solving a linear assignment problem with pairwise squared Euclidean
costs. We report the square root of the optimal average cost,

Ŵ2(X, Y) =
(

Ŵ2
2 (X, Y)

)1/2
. (3.39)
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We solve the assignment problem using the Hungarian algorithm [61], because
the two sample sets are of equal size.

KDE-based Kullback–Leibler divergence. Finally, we construct a plug-in estimate of
the directed Kullback–Leibler divergence

DKL(P‖Q) = EX∼P [log p(X)− log q(X)] . (3.40)

We fit Gaussian kernel density estimates p̂ and q̂ to the two sample sets, {Xi}N
i=1

and {Yi}N
i=1 respectively, and evaluate

D̂KL(P‖Q) =
1

Neval

Neval

∑
i=1

[
log p̂(X̃i)− log q̂(X̃i)

]
, (3.41)

where the evaluation observations X̃i are drawn independently from P. P corre-
sponds to the standard Gaussian distribution in this section. Using an independent
evaluation sample avoids evaluating the fitted density exclusively at its own training
observations. The bandwidths are selected according to the default rule used by
the Gaussian kernel density estimator.

This estimator is included to illustrate the difficulty of direct multivariate density
estimation. As dimension increases, the kernel density estimates become increas-
ingly data intensive, and the resulting KL estimates may exhibit high variance, bias,
or numerical instability. Failed density-estimation trials are recorded as missing
values and excluded when computing the Monte Carlo summary statistics.

Dimension sweep and evaluation. The dimension n is varied over a prescribed grid.
For each value of n, the null and alternative experiments are repeated using in-
dependent random samples. Let d(r)null(n) and d(r)alt (n) denote the value of a given
discrepancy in Monte Carlo trial r. We summarize its behavior using

dnull(n) =
1
R

R

∑
r=1

d(r)null(n), dalt(n) =
1
R

R

∑
r=1

d(r)alt (n), (3.42)
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together with the corresponding sample standard deviations.
A useful discrepancy should remain small under the null while producing a

visibly larger value under the alternative. Accordingly, the separation between
the null and alternative curves measures the ability of the method to identify the
difference between Gaussian and Laplace distributions with matched means and
covariances. The width of the standard-deviation bands reflects the finite-sample
variability of each estimator. This comparison does not place the four discrepancies
on a common numerical scale; their absolutemagnitudes are not directly comparable.
Instead, the relevant comparison is how the null–alternative separation and estimator
variability evolve with dimension for each method.

The experiment also highlights the different computational mechanisms used by
themethods. The sliced CDF distance reduces the multivariate problem to exact one-
dimensional empirical comparisons and averages over random linear projections.
MMD compares empirical means after an implicit nonlinear feature transformation
induced by the kernel. The empirical Wasserstein distance solves a multivariate
optimal assignment problem, while the KL estimator requires direct multivariate
density estimation. Their behavior as dimension increases therefore reflects both
the geometry of the underlying discrepancy and the statistical or computational
approximation used to evaluate it.

Results are shown in Figure 3.4. Overall, the sliced distance and the MMD
exhibity the best performance across dimensions, although performance degrades
as the dimension increases. The fact that the sliced distance and the MMD are on
the same order of magnitude is not surprising: the sliced distance is bounded in
[0, 1] because it averages distances between CDFs, while the MMD depends on the
kernel evaluations where we have set the badnwidth using the median heuristic.
The empirical Wasserstein distance and the KDE-based KL divergence are less
effective in distinguishing the two distributions, particularly in higher dimensions.
The Wasserstein distance is more sensitive to the curse of dimensionality, while
the KDE-based KL divergence suffers from the challenges of multivariate density
estimation. The fact that the KDE-based KL divergence is negative is because we
use fitted densities and evaluate the KL divergence on an independent sample. This
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is a known issue with plug-in estimators of the KL divergence.

Sensitivity to the number of projections and datapoints

We next examine how the empirical sliced distance depends on the two main com-
putational parameters of the estimator: the number of sampled half-spaces and the
number of available datapoints. Throughout this experiment, the dimension is fixed
at n = 50. This is a challenging setting as observed in Figure 3.4.

The first experiment studies the dependence of the sliced distance on the number
of random projection directions. The sample size is fixed at N = 1000, while the
number of half-spaces is varied over a logarithmically spaced grid.

The second experiment studies the dependence on the sample size N. The
number of random half-spaces is fixed at 600, while the number of observations is
varied over a logarithmically spaced grid.

For each parameter configuration, the experiment is repeated independently,
and the solid curves in Figure 3.5 report the Monte Carlo mean of the sliced discrep-
ancy. The shaded regions represent one standard deviation above and below the
corresponding mean. The randomness in each trial comes from the drawn samples
and the random half-spaces. We observe that the ability to distinguish the null
and alternative cases depends mostly on the number of datapoints and not on the
number of half-spaces.

3.7 Distribution steering

In distribution steering, we consider a distribution for the state of a dynamical
system at any time t and the goal is to match the state distribution with a target
distribution as t→ ∞. We suppose the dynamical system

xt+1 = f (xt, ut), (3.43)

where xt ∈ Rn, ut ∈ Rm, and f : Rn ×Rm → Rn. We suppose that the state at the
initial time t = 0 follows a distribution µstart, given as a set of samples {x(0)i }

N
i=1.
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Figure 3.4: Comparison of distributional discrepancies as the dimension of the ran-
dom vectors increases. For each dimension, two independent samples are generated
under the null from N (0, In) and under the alternative from N (0, In) and an inde-
pendent product Laplace distribution with the same mean and covariance. The pan-
els report the sliced CDF distance, the KDE-based estimate of the Kullback–Leibler
divergence, the Gaussian-kernel maximum mean discrepancy, and the empirical
2-Wasserstein distance. Solid lines show the mean over Monte Carlo trials, and the
shaded regions indicate one sample standard deviation.
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Figure 3.5: Sensitivity of the sliced discrepancy in dimension n = 50. The null
experiment compares two independent samples fromN (0, In), while the alternative
compares a sample from N (0, In) with a sample having independent standardized
Laplace coordinates. The two distributions under the alternative have the same
mean and covariance. Left: the sample size is fixed at N = 1000, and the number of
sampled half-spaces is varied. Right: the number of half-spaces is fixed at 600, and
the number of datapoints is varied. Solid curves show the Monte Carlo mean, and
shaded regions show one standard deviation. Both axes are displayed on logarithmic
scales.
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The distribution of the state at time t is represented by the set of samples {x(t)i }
N
i=1,

in general.
Our task is to design a closed-loop controller that steers the distribution of the

state at t towards the distribution µY, as t → ∞. We choose the controller family
ut = Ktxt + bt, with parameters (Kt, bt). This is a common choice in the literature
[30], [32]. Here µY is the target distribution, which we assume is given as a PDF.

Our simple method for computing the controller at t, given the state distribution
at t, {x(t)i }

N
i=1, is as follows. Suppose we start with the controller πt = (Kt, bt). Then,

the samples at the next time, t + 1, will be {x(t+1)
i }N

i=1, where

x(t+1)
i = f

(
x(t)i , πt(x(t)i )

)
, πt(x(t)i ) = Ktx

(t)
i + bt. (3.44)

Via a recursion we can obtain the samples after τ timesteps, {x(t+τ)
i (Kt, bt)}i, where

we make the dependence on Kt and bt explicit. We assume that the same controller
(Kt, bt) is used at each time forward. By applying Algorithm 3.1, we can obtain the
distance estimate DH,nvalues

(
{x(t+τ)

i (Kt, bt)}i, µY

)
, which is a differentiable function

of the controller (Kt, bt) (using the sigmoid trick). Therefore, to select the controller
for time t, we start with an initial controller and apply gradient descentwith step-size
ρ to improve our controller design:

πt ← πt − ρ∇Kt,bt DH,nvalues

(
{x(t+τ)

i (Kt, bt)}i, µY

)
. (3.45)

Although the method to compute the controllers is presented in Equation (3.45)
using simple gradient descent, we can apply more advanced descent algorithms,
such as RMSProp [62], Adagrad [63], and Adam [64]. We can use multiple restarts
and other empirical techniques to improve the robustness and convergence of the
optimization process. The ability to apply any of these methods however relies on
the fact that our distance metric in the space of distributions is an easily computable
and differentiable function of the controller. Here, we only consider simple gradient
descent with a fixed step-size ρ and a fixed number of iterations. We leave the
exploration of more advanced optimization methods to future work.
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We run variants of our algorithm (3.45), where we vary H and nvalues. However,
we judge the performance of all variants by looking at the estimate D300,100 for the
distance between the state distribution and the target over time. We use N = 3000.
For all DH,nvalues(·, µY), for each qk, we use equally spaced values between the 0.5th
and 99.5th percentiles of q>k Y, where Y ∼ µY, for the bjs. We set τ = 25 and only
update the controller every 20 steps.

We evaluate our algorithm on the unicycle dynamics model, which is nonlinear
and given by the equation

χt+1

ψt+1

θt+1

 =


χt + u1,t∆t cos(θt)

ψt + u1,t∆t sin(θt)

θt + u2,t∆t


︸ ︷︷ ︸

f

, (3.46)

where u1,t is the linear velocity input and u2,t is the angular velocity input. We will
only look at the distribution of the Cartesian position (χ, ψ). We use ∆t = 0.1. We
will assume zero initial heading and

µstart = N
([
−2

−2

]
, I

)
, µY = N

([
3

2

]
,

[
2 1.5

1.5 2

])
(3.47)

for the distributions of the position. We do not constrain the distribution of the
heading at the final time and the initial heading is 0.

Our results are summarized in Figure 3.9. We observe that our algorithm (3.45)
is sufficient to steer the state distribution of the unicycle model. We cannot exactly
reach the target distribution, because the unicycle dynamics are non-linear, the
controller is affine, and gradient descent is not guaranteed to converge to the global
optimum. The oscillations for some variants in Figure 3.8 are due to the unicycle
dynamics and the approximation error of the distance estimate for these variants in
(3.45).
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Figure 3.6: The sample density for the distribution of the initial position. The
contours of the initial position distribution, µstart, and the target distribution, µY,
are also included.
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Figure 3.7: The sample density for the distribution of the final position for the
algorithm variant of (3.45) with H = 200 and nvalues = 400. Our proposed method
steers the position distribution onto the target distribution.
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Figure 3.8: Running distance estimate D300,100(·, µY) between the sample distribution
of positions at time t and the target position distribution, for different variants of
algorithm (3.45).

Figure 3.9: Results for the distribution steering application.
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3.8 Ergodic control

The goal of ergodic control is to control the empirical distribution of a dynamical
system’s state as given by its trajectory over time [34], [35]. This is different than
the goal of distribution steering, where we control the distribution of the dynamical
system’s state at any given time. We formulate the ergodic control problem as follows.
We consider the dynamics (3.43) and select the control sequence u =: (u0, . . . , uT),
such that the distance

DH,nvalues

(
{xt}T+1

t=0 , µY

)
(3.48)

is minimized, where xt+1 = f (xt, ut). Again, we can solve this problem using
gradient descent

u← u− ρ∇uDH,nvalues

(
{xt}T+1

t=0 , µY

)
(3.49)

or a more advanced descent algorithm.
We assume the dynamics are unicycle, the initial state is x0 = (0, 0, 0), T=5,000,

and the target position distribution µY is a GMM of two components. We do not
constrain the distribution of the heading trajectory. We run variants of (3.49) with
different H and nvalues. However, we evaluate the performance of all variants using
D400,400. We use AdamW [65], instead of the simple gradient descent update in
(3.49). For all DH,nvalues(·, µY), for each qk, we use equally spaced values between
the 0.5th and 99.5th percentiles of q>k Y, where Y ∼ µY, for the bjs.

Our results are summarized in Figure 3.12. If we look at the position trajectory
x0, . . . , xT+1 as a set of samples, we notice that the empirical distribution is close to
the target distribution µY. This is also verified by the loss at every gradient descent
step that decreases until it reaches a point close to 0. The loss at every optimization
step is the distance of the position trajectory at that step to the target distribution.

As a baseline, we also compare our method to simply maximizing the log-
likelihood of the trajectory under the target distribution µY. We use gradient descent
here as well. The obtained trajectory is shown in Figure 3.13. We observe that the em-
pirical distribution of the position trajectory is not close to the target distribution as it
misses the second mode of the target distribution. This is because the log-likelihood
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Figure 3.10: The state trajectory for the position, obtained by our algorithm (3.49)
and represented as a sample density on the left, and the target GMMposition density
on the right. We observe that the empirical distribution of the position trajectory
is close to the target distribution. On the left, the trajectory was obtained by the
variant of algorithm (3.49) with H = 50 and nvalues = 400. All other variants also
get close to the target distribution, as indicated by Figure 3.11.
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Figure 3.11: Distance estimate D400,400
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)
of the position trajectory to

the target distribution as a function of optimization step for variants of algorithm
(3.49).

Figure 3.12: Results for the ergodic control application.
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Figure 3.13: The state trajectory for the position, obtained by maximizing the log-
likelihood under the target distribution µY, and represented as a sample density
on the left, and the target GMM position density on the right. We observe that the
empirical distribution of the position trajectory is not close to the target distribution:
the trajectory misses the second mode of the target distribution.

objective cannot capture the higher-order structure of the target distribution, while
our proposed distance can capture this structure.

3.9 Discussion

We propose a family of distances between distributions that is interpretable and
admits an easy-to-compute and differentiable approximation. We further present
proof-of-concept applications of the proposed distance to control tasks.

Future work will focus on the finite-sample convergence behavior of Algo-
rithm 3.1 as a function of the problem dimensionality and the sensitivity of Al-
gorithm 3.1 to the selection of half-spaces. A principled way to select maximally
discriminative half-spaces in Algorithm 3.1 is of particular interest. We will also
look at the performance of Algorithm 3.1 in more complex control tasks, such as
multi-agent control and control with partial observability.

An important application of the proposed distance is in training and evaluating
generativemodels. The distance can be used as a loss function for training generative
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models, and as a metric for evaluating the quality of generated samples. We will
look at the performance of the proposed distance in these applications and compare
it to other commonly used loss functions, such as the Kullback-Leibler divergence.
Connections with conformal prediction and conformal inference [66], [67], [68] are
also potentially fruitful.



4 Informational representation

In Chapter 3 we introduced a family of projection-based distances between probabil-
ity distributions that is computationally tractable and allows for expressive control
and planning.

In this chapter, we shift our focus back to a model of uncertainty based only on
statistical moments. While control objectives that depend on the full distribution can
capture richer features of uncertainty, moment-based descriptions are still preferable
in practice because they are simple to estimate, computationally efficient in high
dimensions, and easily compatible with computational tools for optimization and
control.

In Chapter 2 we showed how to use the available samples from a distribution to
estimate its covariance. We then showed how one can use this covariance model to
solve the downstream task of portfolio optimization. If no other information except
samples form the distribution is available, then computing the statistical moments is
the best we can do. However, in many cases, we have access to additional variables
other than the variable of interest. For example, in the case of financial returns,
we have access to various economic indicators that are correlated with the returns.
In the case of demand forecasting, we have access to past demands, which are
correlated with future demands. We can then learn a joint probabilistic model
for the random variable of interest and the additional information, and use it to
condition on the additional information to get a better estimate of the moments of
the random variable of interest. We call this idea the informational representation
of uncertainty, as we use the information from the additional variables to get a
better moment estimate of the random variable of interest. In other words, we

81
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project the model of uncertainty on a family of models that is consistent with the
observed values of the additional information. Not all statistical models allow one
to easily condition on additional information. Selecting a model that fits the data
and allows for easy conditioning is important for tractable estimation and control.
In this chapter, we show how to use the informational representation of uncertainty
to solve a sequential resource allocation problem under stochastic demands.

Furthermore, although conditioning is a well-known tool in probability, in this
chapter we demonstrate how it can be used in the context of sequential decision-
making. We show how to use the informational representation of uncertainty to
solve the problem of optimally allocating a limited number of resources across
time to maximize revenue under stochastic demands. This formulation is relevant
in various areas of control, such as supply chain, ticket revenue maximization,
healthcare operations, and energy allocation in power grids. We propose a bisection
method to solve the optimization problem and extend our approach to a shrinking
horizon algorithm for the sequential problem. The shrinking horizon algorithm
computes future allocations after updating the distribution of future demands by
conditioning on the observed values of demand. We illustrate the method on a
simple synthetic example with jointly log-normal demands, showing that it achieves
performance close to a bound obtained by solving the prescient problem.

4.1 Introduction

The problem of optimally allocating a finite quantity of resources over a discrete time
horizon to satisfy stochastic demands is a fundamental challenge in control theory
and operations research. This formulation can be viewed as a multi-period general-
ization of the classic newsvendor problem [69], extending the single-period inven-
tory decision to a sequence of interdependent choices. The practical applications of
this model are extensive and span areas such as supply chain management [70], dy-
namic pricing with fixed capacity [71], operational planning in healthcare [72], and
the dispatch of energy resources in power grids [73]. In each case, the objective is to
maximize the total revenue, subject to a constraint on the total available resources.
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In this chapter, we first analyze the static multi-period resource allocation prob-
lem. In this formulation, the allocation decisions for the entire horizon are de-
termined at the beginning of time. This approach yields a convex optimization
problem, for which we can find an efficient solution using a bisection method on
the dual variable. However, the solution to the static problem is inherently limited;
it relies solely on the marginal distribution of demands for each time period and
fails to incorporate temporal correlations or the information revealed as demands
are sequentially realized. It is an open-loop policy that does not adapt to observed
outcomes.

To overcome these limitations, we propose a sequential, adaptive policy based
on a shrinking horizon optimization framework, similar to model predictive control
(MPC) [74]. Under this policy, at every time, an allocation decision is made only for
the current time. At each subsequent time, the optimization problem is re-solved for
the remaining (shrinking) time horizon. Crucially, the joint distribution of future
demands is updated by conditioning on the history of observed demands. This
closed-loop approach allows the allocation strategy to dynamically adapt to new
information as it becomes available. While this sequential method is a heuristic and
does not guarantee global optimality, it is designed to systematically improve upon
the static solution by leveraging the observed data.

The primary contribution of this chapter is the formulation and empirical evalu-
ation of this shrinking horizon policy. We demonstrate its superiority against the
static, open-loop solution. The evaluation is conducted on synthetic data where
demands are drawn from a jointly log-normal distribution, a model chosen to re-
flect the correlated and non-negative nature of demands often found in practice.
The results show that the adaptive method achieves higher revenue by effectively
exploiting the information revealed over time. Its performance is close to a bound
obtained by solving the prescient problem.

The remainder of this chapter is organized as follows. In Section 4.2 we discuss
prior work. In Section 4.3 we describe the static optimization problem to maxi-
mize expected revenue and in Section 4.4 we show how to solve it. In Section 4.5
we describe the sequential problem of maximizing revenue and in Section 4.6 we
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demonstrate how to obtain a policy for it. Finally, in Section 4.7 we describe our
simulation set-up and results. Finally, we conclude the chapter in Section 4.8.

4.2 Related work

The static multi-period resource allocation problem is an extension of the classic
newsvendor model [75]. We consider a portfolio of decisions constrained by a
total resource limit. This class of problems has been extensively studied in network
revenue management [76], but not under log-normal stochastic models. While
foundational, the classic newsvendor model’s assumption of a known demand
distribution has been challenged by modern, data-rich environments. Recent ad-
vancements have thus focused on the data-driven newsvendor problem, where
decisions are made directly from demand samples without assuming a specific
parametric distribution [77], [78]. This line of work bridges the gap between classic
stochastic models and modern adaptive methods, though often still focusing on a
single-period setting [79]. Even when extended to multi-period settings, these static,
open-loop policies are inherently suboptimal as they fail to adapt to the sequential
arrival of information [80].

Adaptive policies have been proposed for the multi-period resource allocation
problem. Wemention someworks that we believe capture the general trends of prior
research. Kim et al. propose a policy assuming the uncertainty is expressed as a
discrete set of possible scenarios. Contrary to our formulation, the randomquantities
do not appear in the optimization objective [81] and a discrete set of scenarios is
used. Wang et al. propose an approximate dynamic programming approach under a
complicated, partially observable information pattern [82]. Dynamic programming
has been used to solve the problem under the assumption of independent and
identically distributed demands [83]. Scenario trees, whose complexity scales
exponentially with the number of nodes, have been proposed to solve discretized
versions of the problem [84]. Approaches based on mixtures of experts have also
been suggested [85]. Our method is different from the aforementioned works in the
following ways: we propose and solve an abstraction of the sequential allocation
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problem that is widely applicable. Our problem formulation is highly descriptive.
We suggest a statistical model for demands that works well in practice and show
how to incorporate it in an adaptive allocation scheme with good performance. Our
algorithm is fast and scales well with the problem horizon.

Our shrinking horizon approach is a form of MPC, a well-known technique for
approximating dynamic programming solutions. While MPC has been applied to
supply chain problems, many implementations rely on certainty-equivalent formu-
lations that use point forecasts [86]. Our method differs by directly incorporating
the stochastic nature of the problem at each step, updating the statistical moments
of future demands based on past observations. This allows our policy to explicitly
react to temporal demand correlations, a significant challenge that often complicates
other adaptive approaches.

4.3 The static problem

We consider a sequence of random variables d1, . . . , dT ∈ R, where T is the discrete-
time horizon of the problem and the random variables represent the unknown
demands at every time. A demand dt means that dt units or items were demanded
at time t. Because demands are nonnegative, it always holds that

d1, . . . , dT ≥ 0. (4.1)

We do not assume that the demands d1, . . . , dT are independent or identically dis-
tributed. In many applications, demands at different times are correlated and their
marginal distributions can be significantly different.

For now, we assume that we have knowledge of the joint distribution of d1, . . . , dT

and that for any time t = 1, . . . , T, we can compute the marginal cumulative distri-
bution function (CDF) Ft(x) =: P (dt ≤ x) for any x ∈ R. Equivalently, we assume
that we can compute the quantile functions F−1

t (y) for y ∈ [0, 1] and t = 1, . . . , T.
This is possible, for example, when we can sample (d1, . . . , dT) from their joint
distribution or when the joint distribution is known in closed form. We discuss
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appropriate models for the distribution of the demands in Section 4.7.1.
The static resource allocation problem is

max
a1,...,aT

Ed1,...,dT

[
T

∑
t=1

pt min (dt, at)

]

s.t.
T

∑
t=1

at = L

a1, . . . , aT ≥ 0

, (4.2)

where the variables a1, . . . , aT ∈ R+ are the allocated units or items for each time
and pt > 0 is the price per unit at time t. We are maximizing the expected revenue
by optimally allocating the resources across time. The first constraint implies that
there is a total of L > 0 units to be allocated across time and the second constraint
does not allow for a negative allocation on any given time.

Problem (4.2) is a convex program. To see this, we proceed as follows. The
objective of (4.2) can be rewritten as

T

∑
t=1

ptEdt [min (dt, at)] , (4.3)

where only the marginal distributions of the random variables, d1, . . . , dT are used.
For every realization d̃, the function min

(
d̃, at

)
is concave in at. The expectation

can be viewed as a sum with nonnegative weights of terms min
(
d̃, at

)
for different

values d̃. Therefore, Edt [min (dt, at)] is concave in at. Because pt > 0, we finally get
that the function in (4.3) is concave in (a1, . . . , aT).

4.4 The static solution

We propose a method to solve problem (4.2). First, we find an equivalent expression
for the objective. Then, we leverage duality to solve the problem.
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4.4.1 An equivalent form for the objective of (4.2)

Consider the term Edt [min (dt, at)]. We can write

Edt [min (dt, at)] =
∫ ∞

0
P (min (dt, at) ≥ x) dx

=
∫ at

0
P (min (dt, at) ≥ x) dx

=
∫ at

0
P (dt ≥ x) dx.

(4.4)

The first equality is a well-known result in probability [56]. The second equality
follows because min (dt, at) ≤ at. Finally, the third equality follows because for any
0 ≤ x ≤ at

min (dt, at) ≥ x ⇔ dt ≥ x. (4.5)

By defining the survival functions

St(x) =: P (dt > x) = 1−P (dt ≤ x) , (4.6)

we can write the objective of (4.2) as

T

∑
t=1

pt

∫ at

0
St(x)dx, (4.7)

where the optimization variables at appear on the top limit of the integrals.

4.4.2 Optimality conditions

The Lagrangian of problem (4.2) is given by

L(a1, . . . , aT, λ1, . . . , λT, ν) =

T

∑
t=1

pt

∫ at

0
P (dt ≥ x) dx +

T

∑
t=1

λtat − ν

(
T

∑
t=1

at − L

)
,

(4.8)
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where ν is the dual variable for the resource limit constraint and, for every t, λt ≥ 0

is the dual variable for the non-negativity constraint at ≥ 0.
The Karush–Kuhn–Tucker (KKT) optimality conditions [87] dictate that the

primal-dual optimal point, (a?1 , . . . , a?T, λ?
1 , . . . , λ?

T, ν∗), satisfies

pt
∂

∂at

(∫ at

0
P (dt ≥ x) dx)

)
|a?t + λ?

t = ν?, (4.9a)

T

∑
t=1

a?t = L, (4.9b)

λ?
t a?t = 0, (4.9c)

λ?
t ≥ 0, a?t ≥ 0. (4.9d)

Using the Leibniz integral rule [88], the first condition (4.9a) can be written as

ptP (dt ≥ a?t ) + λ?
t = ν?. (4.10)

Eq. (4.10) offers an intuitive explanation for the solution (a?1 , . . . , a?T). For times t

that the price per item, pt, is high, the allocation a?t is large. To see this, simply
ignore λ?

t . However, the relationship between price pt and allocation a?t is not linear.
Rather, it depends on the distribution of dt.

We can obtain an expression for a?t as a function of ν?. We suppose that for any
δ > 0: P (dt ≤ δ) > 0.

• Suppose a?t > 0. Then, by (4.9c), λ?
t = 0 and, by (4.10), we get thatP (dt ≥ a?t ) =

ν?/pt < 1, by the assumption above.

• Suppose a?t = 0. Then P (dt ≥ a?t ) = 1 and, since λ?
t ≥ 0, by (4.10), we get

that ν?/pt ≥ P (dt ≥ 0), i.e., ν?/pt ≥ 1.

Therefore, we obtain that

a?t =


F−1

t (1− ν?

pt
),

ν?

pt
< 1,

0, otherwise
, (4.11)
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where we can obtain ν? through (4.9b). Obviously by (4.10), it holds that ν? ≥ 0.
Notice from (4.11) that ∑T

t=1 a?t is a decreasing function of ν?. Furthermore,
suppose that for every t, it holds that ν?/pt ≥ 1. Then a?t = 0 for all t, which is
not possible because L > 0. Therefore, there exists a t such that ν?/pt < 1, which
implies

ν? ∈ [0, max{p1, . . . , pT}] . (4.12)

We can solve the system (4.9b)-(4.11) using bisection on ν?. We can use 0 and
max{p1, . . . , pT} as the initial lower and upper limits for ν?, respectively. This
procedure is outlined in Algorithm 4.1. For an accuracy of ε for ν?, we require
O (log (max{p1, . . . , pT}/ε)) iterations. The only information required about the
distribution of the demands are the quantile functions F−1

t (·). These are straightfor-
ward to compute for various distributions, such as Gaussian or Laplace. Even for
Gaussian mixture models, this is easy using a root-finding algorithm [89]. We call
the allocations produced by Algorithm 4.1 the static solution.

In some applications, the allocations need to be integer-valued. We do not
impose such a constraint in problem (4.2). However, after obtaining the solution
(a?1 , . . . , a?T) using Algorithm 4.1, we can round the allocation at each time to the
closest integer and slightly modify them to ensure they sum to L. We can also easily
do a local optimization around the rounded values. We note that with these slight
modifications the duality gap is still bounded by a small number and not by a factor
growing with T because there is only one equality constraint [90], [91].

It is important to note that we can solve problem (4.2) using Algorithm 4.1
at the beginning of time and then allocate the optimal number of units a?1 , . . . , a?T
over time. However, this approach can be sub-optimal because it only uses the
marginal distributions of d1, . . . , dT and ignores the correlation between the demands
across time. Furthermore, the demands d1, . . . , dT are realized sequentially, which
Algorithm 4.1 does not leverage to improve performance.
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Algorithm4.1 Solution of the static resource allocation problem (4.2) using bisection
1: Inputs: horizon T, prices per item p1, . . . , pT > 0, resource allocation limit L > 0,

CDFs Ft(u) = P (dt ≤ u) for all t = 1, . . . , T
2: Parameters: accuracy ε for solution ν?

3: Niterations ← dlog (max{p1, . . . , pT}/ε)e
4: νlow ← 0
5: νup ← max{p1, . . . , pT}
6: for k = 1, . . . , Niterations

7: Obtain the midpoint νmid ←
νlow + νup

2
8: Obtain â1, . . . , âT through (4.11)
9: if ∑T

t=1 ât ≥ L
10: νlow ← νmid
11: else
12: νup ← νmid

13: return optimal allocations â1, . . . , âT, optimal dual variable νmid

4.5 The sequential problem

We consider the case where the allocations need not all be determined at the be-
ginning of time. At any time t, we assume that we have observed the demands
d1, . . . , dt−1 and already made the allocations a1, . . . , at−1, which cannot be altered.
Our goal at time t is to determine the allocation at using the available informa-
tion, which includes the realized demands, d1, . . . , dt−1, the allocations made so far,
a1, . . . , at−1, and the joint distribution of the demands d1, . . . , dT. We assume that,
for any time t = 1, . . . , T we have access to themarginal CDFs and quantile functions
for the demands, conditioned on the previously observed values, i.e., 1, . . . , t− 1

for every t. This is possible if we have selected a statistical model for the demands
that allows for easy conditioning, i.e., an informational representation. We discuss
appropriate models for the distribution of the demands in Section 4.7.1.
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4.6 The sequential policy

We propose a policy based on shrinking horizon optimization for the sequential
resource allocation problem. Our policy takes into account the realized demands
so far to update the distribution of future demands through conditioning. More
precisely, at time 0, we solve problem (4.2) to obtain the solution (a?1|0, . . . , a?T|0),
where the subscript denotes that the solution does not depend on any observed
values of demand, since none have been observed yet.

After assigning the allocation a?1|0 for time 1, we observe the realized value for
the demand d1. To compute the future allocations, we now solve

max
a2,...,aT

Ed2,...,dT |d1

[
T

∑
t=2

pt min (dt, at)

]

s.t.
T

∑
t=2

at = L− a?1|0

a2, . . . , aT ≥ 0

, (4.13)

which has the solution (a?2|1, . . . , a?T|1). In the objective of (4.13) we have conditioned
on the observed value of the demand. We assign the allocation a?2|1 at time 2 and
then observe the realized demand d2. To make our approach clear, we mention that
at time 3, we will solve

max
a3,...,aT

Ed3,...,dT |d1,d2

[
T

∑
t=3

pt min (dt, at)

]

s.t.
T

∑
t=3

at = L− a?1|0 − a?2|1

a3, . . . , aT ≥ 0

. (4.14)

Our procedure is outlined in Algorithm 4.2. At each time t, we can use the
bisection method in Algorithm 4.1 to obtain the allocations. Algorithm 4.2 requires
knowing the conditional quantile functions for the demands, conditioned on the
previously observed values. As in Section 4.4, we can round the allocation at each
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time to the closest integer, if this is required by the application. Our approach is a
sophisticated heuristic and need not be optimal. We call the allocations produced
by Algorithm 4.2, the sequential solution.

As a side note, in the series of problems (4.13)-(4.14), we use the conditional
mean in the objective. We could have also used the maximum a posteriori (MAP)
value. Our policy is a heuristic and which option works best depends on the appli-
cation.

4.6.1 The case of independent demands

In the case of independent demands d1, . . . , dT, conditioning on realized demands
does not alter the distribution of future demands. For example, the marginal distri-
bution of d2, . . . , dT is the same as the conditional distribution d2, . . . , dT | d1. This
implies that

(a?2|0, . . . , a?T|0) = (a?2|1, . . . , a?T|1). (4.15)

To see why (4.15) is true, let

R2: =: Ed2,...,dT

[
T

∑
t=2

pt min
(

dt, a?t|0
)]

= Ed2,...,dT |d1

[
T

∑
t=2

pt min
(

dt, a?t|0
)]

.

(4.16)

The equality follows from independence. We suppose, for the sake of contradiction,
that there exists an elementwise non-negative (a2, . . . , aT) such that

Ed2,...,dT

[
T

∑
t=2

pt min (dt, at)

]
> R2:, (4.17a)

T

∑
t=2

at = L− a?1|0. (4.17b)
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Algorithm 4.2 Shrinking horizon procedure for the sequential resource allocation
problem (A.1)
1: Inputs: horizon T, prices per item p1, . . . , pT > 0, resource allocation limit L > 0
2: Solve problem (A.1) using Algorithm 4.1 to obtain (a?1|0, . . . , a?T|0)
3: Assign the allocation a?1|0 at time 1 and observe the realized demand d1

4: for τ = 2, . . . , T
5: Solve problem

max
aτ ,...,aT

Edτ ,...,dT |d1,...,dτ−1

[
T

∑
t=τ

pt min (dt, at)

]

s.t.
T

∑
t=τ

at = L−
τ−1

∑
t=1

a?t|t−1

aτ, . . . , aT ≥ 0

(4.20)

using Algorithm 4.1 to obtain (a?
τ|τ−1, . . . , a?T|τ−1).

6: Assign the allocation a?
τ|τ−1 at time τ and observe the realized demand dτ

Then, it holds that (a?1|0, a2, . . . , aT) is a feasible point for problem (4.2) and obtains
a larger objective value than (a?1|0, . . . , a?T|0). However, this is a contradiction. There-
fore, for any elementwise non-negative (a2, . . . , aT) that satisfies (4.17b) it holds
that

Ed2,...,dT |d1

[
T

∑
t=2

pt min (dt, at)

]
≤

Ed2,...,dT |d1

[
T

∑
t=2

pt min
(

dt, a?t|0
)] (4.18)

Therefore, (4.15) holds, assuming a unique optimal point. Using recursion, we can
prove that for any τ = 1, . . . , T − 1:

(a?τ+1|0, . . . , a?T|0) = (a?τ+1|τ, . . . , a?T|τ). (4.19)

Thus, when the demands are independent, the sequential solution obtained by
our shrinking horizon policy reduces to the static solution.
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4.7 Simulations

We compare the performance of the static and sequential solutions on synthetic data.
First, we describe the model used for the demands and the generation process for
the data. Second, we describe an upper bound for the obtained revenue and a simple
baseline. Third, we show the equivalence of the static and sequential solutions in
the case of independent demands. Fourth, we demonstrate the superiority of the
sequential solution in the case of non-independent demands. Finally, we examine
performance under model mismatch, where the true distribution of the demands is
different from the one used to compute the allocations.

4.7.1 Log-normal model for the demands

We model the demands d1, . . . , dT as jointly log-normal random variables. Equiva-
lently, we model log d1, . . . , log dT as a jointly Gaussian random vector with mean µ

and covariance Σ, i.e.,

(log d1, . . . , log dT) ∼ N (µ, Σ). (4.21)

The log-normal model is particularly suitable to model demands, because demands
are non-negative, empirically exhibit right-skewness, and are correlated across time.
The correlations across time can be incorporated elegantly, because the log demands
are modeled as jointly Gaussian.

As a demonstration, in Figure 4.1 we show a histogram of log demands sampled
from N (0, 1) and a histogram of the corresponding demand samples. The log-
normal distribution is right-skewed, which is a common property of demands in
many applications.

We now describe how to compute probabilities of demand under the log-normal
model. We note that because P (dt ≤ x) = P (log dt ≤ log x),

Ft(x) = Φ

(
log x− µt√

Σt,t

)
, (4.22)
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Figure 4.1: Histogram of log-demand samples drawn from N (0, 1) and the corre-
sponding demand samples obtained by exponentiation. The resulting log-normal
demand distribution is right-skewed, a common characteristic of demands in many
applications.

where µi is the i-th entry of vector µ, Σi,j is the (i, j)-th element of matrix Σ, and Φ(·)
is the CDF of the standard normal distribution. The conditional distribution of dt

given dt−1, . . . , d1 can be written as

P (dt ≤ x | dt−1 = xt−1, . . . , d1 = x1) =

P (log dt ≤ log x | log dt−1 = log xt−1, . . . , log d1 = log x1) ,
(4.23)

because log is a monotone transformation. Assuming the conditional mean of log dt

is µt|t−1 and its conditional standard deviation is σt|t−1, we get that

P (dt ≤ x | dt−1 = xt−1, . . . , d1 = x1) =

Φ

(
log x− µt|t−1

σt|t−1

)
.

(4.24)

We can compute µt|t−1 and σt|t−1 explicitly using conditioning on jointly Gaussian
distributions [57, Section 3.9].

Although modeling the log demands as jointly Gaussian is adequate for many
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applications, we can model them using a Gaussian mixture model (GMM), which
is a universal approximator [92]. In the case of the GMM, we can again efficiently
evaluate the conditional quantile functions. Although we do not explore GMMs in
our simulations, we include a discussion below.

Gaussian mixture models for log demands

For more expressivity, we can model the log demands as a Gaussian mixture model
(GMM). A GMM is a weighted sum of K Gaussian distributions, where the weights
πi are non-negative and sum to 1. In this case

(log d1, . . . , log dT) ∼
K

∑
i=1

πiN (µi, Σi). (4.25)

We show a histogram of log demands sampled from a GMM and the correspond-
ing demand samples in Figure 4.2. The resulting demand distribution is similar
to simply using a single Gaussian distribution for the log demands. However, the
GMM allows for more expressivity and can capture more complex distributions of
the log demands.

Under a GMMmodel

Ft(x) =
K

∑
i=1

πiΦ

(
log x− (µi)t√

(Σi)t,t

)
. (4.26)

This is a simple extension of the single Gaussian case.
Conditioning is also similar to the single Gaussian case. Let

y =

[
yobs

yfut

]
=



log d1
...

log dt−1

log dt
...

log dT


∼

K

∑
i=1

πiN (µi, Σi) ,
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Figure 4.2: Samples from a Gaussian mixture model for log demand and the corre-
sponding demand samples obtained through the transformation d = exp(log d).

where
yobs = log d1:t−1, yfut = log dt:T.

For each mixture component i, partition the mean and covariance as

µi =

[
µi,obs

µi,fut

]
, Σi =

[
Σi,oo Σi,of

Σi,fo Σi,ff

]
.

Given the observed realization

yobs = (log d1, . . . , log dt−1),

the conditional distribution remains a Gaussian mixture:

yfut | yobs ∼
K

∑
i=1

π̃i(yobs)N
(

µi,fut|obs, Σi,fut|obs

)
,

where
µi,fut|obs = µi,fut + Σi,foΣ−1

i,oo (yobs − µi,obs)
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and
Σi,fut|obs = Σi,ff − Σi,foΣ−1

i,ooΣi,of.

These are the conditional mean and covariance of the multivariate Gaussian distri-
bution corresponding to the i-th mixture component. They are computed the same
way as µt|t−1 and σt|t−1 in the single Gaussian case above.

The posterior mixture weights are

π̃i(yobs) =
πiN (yobs; µi,obs, Σi,oo)

K

∑
j=1

πjN
(
yobs; µj,obs, Σj,oo

) .

For the next log demand yt = log dt,

yt | y1:t−1 ∼
K

∑
i=1

π̃iN
(

µi,t|t−1, σ2
i,t|t−1

)
,

where
µi,t|t−1 = (µi,fut|obs)1, σ2

i,t|t−1 = (Σi,fut|obs)1,1.

Since dt = exp(yt), the conditional cumulative distribution function is

P(dt ≤ x | d1 = x1, . . . , dt−1 = xt−1) =
K

∑
i=1

π̃i Φ

(
log x− µi,t|t−1

σi,t|t−1

)
, x > 0.

4.7.2 The synthetic data

We describe the process of generating the synthetic data. We select prices pt between
10 and 100. We select the means of the demands dt between 20 and 100, while the
standard deviations of the demands are between 10 and 30. The first moments of
the demands are mapped appropriately to the means and standard deviations of
the log demands using standard formulas [93].

The correlations between the log demands are selected differently in our experi-
ments depending on whether the demands are independent or not. For the case of
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independent demands we set the correlations to be 0 for log demands of different
times. For the case of non-independent demands, we set the correlations between
log dt and log dτ to be (roughly) between −0.7 and 0.7 for τ 6= t. To do so, we first
create a symmetric matrix with diagonal entries equal to 1 and off-diagonal entries
in {−0.7, 0.7}. We then project to the set of positive semi-definite matrices to obtain
the correlation matrix.

We set the limit L to be between 30% and 60% of the sum of mean demands. The
synthetic data is generated once and remains fixed across the simulation trials for
each set of experiments below.

4.7.3 A revenue upper-bound

Suppose we know the realized sequence of demands, d̃1, . . . , d̃T. Then, we can
calculate the optimal allocations for this realization by solving the convex problem

max
a1,...,aT

T

∑
t=1

pt min
(
d̃t, at

)
s.t.

T

∑
t=1

at = L

a1, . . . , aT ≥ 0

. (4.27)

We call the solution of (4.27), the oracle allocation. This allocation cannot be com-
puted in a causal manner and is only known after observing the realized demands.
Nevertheless, it serves as a useful upper-bound of performance.

4.7.4 The roll-forward baseline

We describe a simple causal baseline. At time 1, we set the allocation to be L/T. At
each subsequent time t, we set the allocation to be the last observed demand, i.e.,
at = dt−1, if the remaining allocation is larger than dt−1. Otherwise, we simply set
at to be the remaining allocation. We call this baseline, the roll-forward allocation,
because it just rolls the last observed demand forward as the next allocation. The
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roll-forwardmethod is a simple heuristic and serves as one of the simplest estimators
of future demand. As a pracical use of the roll-forward method in finance, to make
private company valuations, experts often use this method to estimate the current
value of the company based on the last observed valuation and any cashflows in the
meantime.

4.7.5 Independent demands

Weset the correlation between log dt and log dτ to be 0 for any τ 6= t. This implies that
the log demands are independent. As functions of the log demands, the demands are
also independent in this case. By Section 4.6.1, we know that the static and sequential
solutions must match. This is verified in our simulation, as shown in Figure 4.2(c),
for a particular realization of demands, which is shown in Figure 4.2(a). In this case,
the two approaches obtain the same revenue, which is smaller than the revenue
obtained by the oracle allocation, as shown in Figure 4.2(d). However, the oracle
allocation cannot be computed in a causal manner. The roll-forward method, which
is causal, performs the worst, because it does not adequately capture the inter-
dependencies between the demands. It also allocates the total L in far fewer time
periods, which explains the constant cumulative revenue in later time periods. In
Figure 4.2(c), we do not plot the roll-forward allocation because this can be easily
inferred by the realized demands in Figure 4.2(a).

4.7.6 Non-independent demands

We set the correlations between log dt and log dτ to be (roughly) between −0.7 and
0.7 for τ 6= t. We first look at the performance of the methods for a single trial, i.e.,
a single realized sequence of demands, and then provide aggregate results over 100

trials for different time horizons T.
Our results for a single trial and T = 100 are included in Figure 4.4. We observe

that the sequential allocation is closer to the oracle allocation than the static one.
As a result, the cumulative revenue of the sequential allocation is higher than the
cumulative revenue of the static one. We note that we expect the gap between the
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(d): Cumulative revenue over time
for the oracle, sequential, static, and roll-
forward allocations. The cumulative rev-
enue is the same for the static and sequen-
tial allocations.

Figure 4.3: Results for the case of independent demands.

revenue of the sequential and static allocations to shrink as the correlations between
the demands get closer to 0, i.e., when the demands are close to being independent.

We include the aggregate results over 100 trials for different values of T in
Table 4.1. Across values of T the sequential allocation outperforms the static one with
respect to revenue. The roll-forward allocation does not have a good performance.
We show the mean and the 1-standard deviation interval for the cumulative revenue
of the different allocation schemes in Figure 4.5 for the different values of T.
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Method T = 20 T = 50 T = 100 T = 200

Roll-Forward
18, 473
(1, 429)

80, 169
(5, 154)

137, 179
(6, 221)

217, 834
(6, 804)

Static
36, 644
(1, 197)

118, 164
(3, 892)

227, 780
(5, 890)

386, 890
(5, 615)

Sequential
39, 426
(690)

127, 637
(4, 199)

249, 393
(5, 183)

415, 716
(4, 713)

Oracle
41, 185
(734)

132, 933
(4, 566)

256, 823
(5, 306)

425, 021
(5, 011)

Table 4.1: Results across time horizons T for non-independent demands. Each cell
shows two numbers (i.e., mean of achieved revenue on the first line and standard
deviation of the achieved revenue in parentheses on the second line over 100 trials).
In bold, we emphasize the causal method that is best in terms of revenue, i.e., the
sequential allocation. We also observe that the sequential allocation tends to have the
smallest revenue variance.

4.7.7 Model misspecification

The experiments above assume that the probabilistic model used by the allocation
methods coincides with the distribution used to generate the realized demands. In
practice, the true demand distribution is unknown and must be estimated from data.
The conditional distributions used by the sequentialmethod can therefore differ from
the true conditional distributions. Even the marginal distributions used by the static
method can differ from the true marginal distributions. We study the sensitivity
of the allocation methods to such modeling errors by distinguishing between the
real demand model and the model available to the algorithms. Demand realizations
are sampled from the real model, whereas the allocations are computed using a
perturbed model.

We separately perturb the means, standard deviations, and correlations of the
demand model. In the first experiment, the mean demand at each time is perturbed
according to

Emodel[dt] = Ereal[dt] + εt, εt ∼ U ([−5, 5]). (4.28)



chapter 4. informational representation 103

0 20 40 60 80 100
Time Period

0

25

50

75

100

125

D
em

an
d

realized
mean

(a): Realized and expected demands
across time.

0 20 40 60 80 100
Time Period

0

20

40

60

80

100

Pr
ic

e

(b): Prices (per unit) over time.
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(c): The oracle, sequential, and static allo-
cations across time. The sequential alloca-
tion is close to the oracle allocation.
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(d): Cumulative revenue over time
for the oracle, sequential, static, and roll-
forward allocations.

Figure 4.4: Results for the case of non-independent demands.

Real corresponds to the data generating process, while model corresponds to the
model used by the allocation methods. This perturbation changes the demand levels
anticipated by the allocation methods while leaving the distribution that generates
the realized demands unchanged.

We next perturb the marginal standard deviations. We consider a moderate level
of misspecification,

stdmodel(dt) = stdreal(dt)γt, γt ∼ U ([0.8, 1.2]), (4.29)
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(a): T = 20.
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(b): T = 50.
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(c): T = 100.
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(d): T = 200.

Figure 4.5: The mean and 1-standard deviation interval for the cumulative revenue
over 100 trials for the various allocation methods and different horizons T.

and a stronger level,

stdmodel(dt) = stdreal(dt)γt, γt ∼ U ([0.5, 1.5]). (4.30)

These cases test whether the methods remain effective when the model underesti-
mates or overestimates the uncertainty associated with future demands.

Finally, we perturb the temporal dependence represented by the log-demand
correlations. For each pair of times, the correlation used by the algorithms is given
by

corrmodel (log dτ, log dt) = corrreal (log dτ, log dt) ητt, ητt ∼ U ([0.5, 1.5]).

(4.31)
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This experiment is especially relevant to the sequentialmethod, because the condi-
tional distribution of future demands depends directly on the modeled temporal
correlations. An inaccurate correlation model can cause an observation to have
either too much or too little influence on the allocations computed for the remaining
horizon.

The results are shown in Figure 4.6. The sequentialmethod continues to obtain
higher revenue than the static and roll-forwardmethods across the different forms
of misspecification. Its performance therefore does not rely on exact knowledge
of the data-generating distribution. The degradation is more pronounced under
stronger errors in the standard deviations and correlations, since these quantities
influence both the conditional uncertainty and the extent to which past demands
are informative about future demands. Nevertheless, the results indicate that the
benefit obtained by conditioning and re-optimizing is retained under moderate
discrepancies between the assumed and real demand models.

4.8 Discussion

Wepropose a general sequential decision-making algorithm to solve themulti-period
resource allocation problem under stochastic demands. The approach leverages the
sequential nature of the problem and the correlation between the demands across
time to improve performance compared to a static solution, which does not use
this information. This showcases the value of the informational representation of
uncertainty. Our approach only requires knowledge of the conditional quantile
functions. We show the superiority of our approach compared to the static solution
using synthetic jointly log-normal data for the demands. The log-normal model is
expressive and allows for easy calculation of the conditional quantile functions.

Future work will focus on incorporating Algorithm 4.2 in a closed loop, where
the allocations are determined while the model for the distribution of the demands
is learned. Furthermore, we plan to study in detail the importance of accurately
modeling the distribution of the demands in applications. An interesting extension
is accounting for uncertainty in the prices pt in addition to the demands. Finally, we
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(a): Misspecification of the marginal de-
mand means as in (4.28).
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(b): Moderate misspecification of
the marginal standard deviations as in
(4.29).
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(c): Stronger misspecification of the
marginal standard deviations as in
(4.30).
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(d): Misspecification of the temporal log-
demand correlations as in (4.31).

Figure 4.6: Cumulative revenue under different forms of model misspecification.
Demand realizations are generated using the real model, whereas the allocations
are computed using a model with perturbed means, standard deviations, or log-
demand correlations.
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will apply our approach to real data from a supply chain management application.
As a general remark, we hope that this chapter demonstrated the power of the

informational representation of uncertainty (where conditioning is easy) combined
with a model-predictive control (or shrinking horizon) approach to solve sequential
decision-making problems under uncertainty. We believe that this approach can
be applied to a wide range of problems beyond the resource allocation problem
studied in this chapter.

Although Markov decision processes and partially observable Markov decision
processes are powerful frameworks to model sequential decision-making problems
under uncertainty, we find that a state estimation step (to update the statistical
moments) combined with solving a model-predictive control problem (that can
usually be formulated as a convex optimization problem) are sufficient to compute
a control action at any given time and obtain good overall performance in many
applications.



5 Summary and future work

Automated decision making is becoming increasingly prevalent in various domains,
such as healthcare, finance, and autonomous systems. This is justified by the increase
in computational capabilities, the abundance of data, and the efficiency, accuracy,
and scalability that automated decision making can offer.

Although more data is available, leveraging it effectively remains a challenge.
Data can be noisy, high-dimensional, andmay only partly be relevant to the decision-
making process. In this thesis, we discuss different represenations that capture the
relevant information in the data and enhance the performance of automated decision
making. These are in essence representations of the uncertainty that is inherent in
the underlying problem and implied by the available data.

The proposed representations share a conceptual similarity with compression in
information theory [94]: each replaces a high-dimensional or otherwise intractable
object with a lower-complexity model that preserves the information most relevant.
Unlike classical compression, however, the goal here is not faithful reconstruction of
the original signal, but preservation of decision-relevant structure.

This chapter summarizes the modern decision making landscape, the contribu-
tions of this thesis, and potential avenues for future work.

5.1 Modern challenges in decision making

Modern decision-making problems arise in settings that are data-driven, high-
dimensional, distribution-aware, and sequential. In such settings, the agent has
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access to large amounts of data, but that data is often noisy and may contain spu-
rious correlations. At the same time, both the state of the world and the decision
variables may be high-dimensional, making it difficult to learn reliable models and
to make good decisions. In many applications, the objective also depends on the
full distribution of outcomes rather than only on low-order moments, which further
complicates planning. Finally, decisions are made over time, and new information
is revealed sequentially, so the agent must continually update both its model and its
actions.

These challenges appear across many modern application domains. In the
financial portfolio construction problem introduced in the introduction as a unifying
example, the agent must estimate returns and covariances from historical data, make
decisions over large asset universes, possibly optimize objectives that depend on tail
events or target distributions, and repeatedly rebalance as market conditions evolve
and new information arrives. Similar conditions arise more broadly in control,
where methods must balance statistical fidelity, computational tractability, and
responsiveness to new information.

5.2 Contributions

This thesis argues that choosing a suitable representation of the uncertainty inherent
in the underlying problem is a key step in addressing the challenges of modern deci-
sion making: rather than attempting to model or optimize everything at full fidelity,
one can seek lower-complexity representations that retain the information most
relevant for the task at hand. By restricting attention to task-relevant structure, one
can turn otherwise intractable problems into ones that are statistically meaningful
and computationally manageable.

Three representations of uncertainty were introduced. Each was motivated by
a different aspect of the modern decision-making landscape and was applied to a
different problem domain, but all share the same underlying principle of preserving
task-relevant information while reducing complexity. A chapter is dedicated to each
representation.
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• Structural representation. This representation was motivated by the need
to learn tractable covariance models from data. In particular, we consider
the family of low-rank-plus-diagonal covariance matrices, which are widely
used in finance and control. We propose a method that takes a provided low-
rank-plus-diagonal model and extends it with additional statistically learned
factors while preserving tractability. We study this method in Chapter 2. It
allows us to uncover hidden factors driving the behavior of the variables of
interest.

• Geometric representation. This representation was motivated by the need
to optimize distribution-aware control objectives. We propose a simple, com-
putationally tractable method that compares distributions through lower-
dimensional slices, enabling one to solve control problems with expressive
distribution-aware control objectives. We cover this method in Chapter 3.

• Informational representation. This representation was motivated by the need
to incorporate newly revealed information into sequential decision making.
A decision making system should be able to handle regime shifts and adapt
quickly to changing conditions. An informational representation of uncer-
tainty is one that allows for easy updates through conditioning on observed
data. We can then use the updated models to re-solve the control problem,
allowing for a principled way to incorporate new information into sequential
decision making. We cover this representation in Chapter 4. We show how
to incorporate it in a closed-loop control scheme to solve sequential decision-
making problems under uncertainty. Although conditioning is a well-known
technique to incorporate information, we combine it with a shrinking hori-
zon optimization approach for resource allocation under stochastic demands,
which is a novel application domain.
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5.3 Future work

A central direction for future work is to unify these three representations into a
single framework for sequential decision making under uncertainty. In such a frame-
work, the structural representation would focus on a tractable covariance model, the
geometric representation would help express objectives over distributions, and the
informational representation would allow for updating both the model and the de-
cision as new observations arrive. Developing such an integrated framework would
move beyond the separate case studies in this thesis toward a general methodology
for modern decision making.

For the method extending the covariance model in Chapter 2, future work will
focus on statistical, modeling, and computational questions. On the statistical side,
it is important to better understand identifiability, finite-sample behavior, and the
sensitivity of the learned extension to misspecification in the provided base model.
On the modeling side, a key challenge is to select the number of additional factors in
a principled way and to combine model extension with factor selection in the base
model. On the computational side, promising directions include accelerating the EM
procedure (see Section A.5 for a preliminary treatment), studying direct nonlinear
optimization methods for low-rank-plus-diagonal model fitting, and developing
online variants that update the model efficiently as new data arrive.

For the distance between distributions proposed in Chapter 3, future workwill fo-
cus on the theoretical and algorithmic properties of the proposed family of distances
between distributions. In particular, it is important to characterize finite-sample
convergence as a function of dimension, the number of projection directions, and
the discretization used within each slice. Another central question is how to select
projection directions or half-spaces in a principled manner, ideally choosing those
that are maximally informative for the task at hand. Beyond the proof-of-concept
control examples studied here, the proposed distance should also be investigated in
more complex settings such as partial observability, multi-agent control, and the
training and evaluation of generative models.

For the shrinking horizon optimization approach in Chapter 4, the next step is to
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move to closed-loop settings in which the distribution of uncertainty is not assumed
known in advance, but is instead learned and updated online while actions are
taken. Future work should study robustness to misspecification of the distribution
of uncertainty and develop variants that explicitly account for uncertainty in the
learned model. Applying the method to real data, for example in supply-chain
management, is another important direction.

More broadly, this thesis suggests that simplification is not merely a computa-
tional convenience, but a useful design principle for modern decision making under
uncertainty. The future challenge is to make this principle systematic: to understand
when a representation of uncertainty is the simplest one that still preserves the
information relevant for control, how can one select or design a representation
based on the available data, and how can different representations be combined in
larger pipelines, i.e., a learning-and-control loop.
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A Fitting a low-rank-plus-diagonal covariancemodel

We first (in Section A.1 to Section A.4) discuss properties of fitting a low-rank-
plus-diagonal covariance model using a maximum likelihood approach. Then, in
Section A.5, we discuss a variant of the EM algorithm that can speed up conver-
gence by selecting the density used in the E-step in a principled way. Finally, in
Section A.6, we present a way to perform the maximum likelihood fitting using a
convex optimization package, although the problem is not convex in the variables.

A.1 Problem statement

We investigate the problem of fitting a low-rank-plus-diagonal model to a given
covariance matrix Σ ∈ Rn×n. Specifically, we will fit a matrix F ∈ Rn×p and a
diagonal matrix D ∈ Rn×n, by solving the following problem:

minimize
F,D

KL
(
N (0, Σ)‖N (0, FF> + D)

)
. (A.1)

The idea is that at optimality, for Σ? =: F?F?,> + D?, where F? and D? are the
optimal values, it holds that Σ ≈ Σ?. We can equivalently write

KL
(
N (0, Σ)‖N (0, FF> + D)

)
= Ex∼N (0,Σ)

[
log

p(x)
q(x)

]
, (A.2)
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where p(x) is the probability density function (PDF) ofN (0, Σ) and q(x) is the PDF
of N (0, FF> + D). Therefore, the solution of (A.1) is the same as the solution of

minimize
F,D

−Ex∼N (0,Σ) [log q(x)] , (A.3)

where a log-likelihood objective appears and the problem can be written as

minimize
F,D

Ex∼N (0,Σ)

[
x>
(

FF> + D
)−1

x + log det
(

FF> + D
)]

. (A.4)

Using the fact that Ex∼N (0,Σ)
[
xT Ax

]
= trace (AΣ), we can write (A.4) as

minimize
F,D

trace
((

FF> + D
)−1

Σ
)
− log det

(
FF> + D

)−1
. (A.5)

A.2 Fitting both F and D

We prove that for the solution, F? and D?, of (A.5) (or equivalently (A.1)), under
the constraint of diagonal D, it holds that

diag
(

F?F?,> + D?
)
= diag Σ. (A.6)

In other words, we prove that the implied asset volatilities of the fitted model match
the volatilities of the original matrix.

First, by the Woodburry identity we get

(
FF> + D

)−1
= D−1 − D−1F

(
I + F>D−1F

)−1
F>D−1 (A.7)

and then we use the change of variables

D̃ = D−1

F̃ = D−1F
(

I + F>D−1F
)−1/2 ⇐⇒

D = D̃−1

F = D̃−1F̃
(

I − F̃>D̃−1F̃
)−1/2
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in problem (A.5). Notice that

trace
((

FF> + D
)−1

Σ
)
− log det

(
FF> + D

)−1

= trace
(
(D̃− F̃F̃>)Σ

)
− log det

(
D̃− F̃F̃>

) (A.8)

and (
FF> + D

)−1
= D̃− F̃F̃>. (A.9)

We now solve problem (A.5) with respect to F̃ and D̃:

minimize
F̃,D̃

trace
(
(D̃− F̃F̃>)Σ

)
− log det

(
D̃− F̃F̃>

)
. (A.10)

By taking the gradient of the objective of (A.10) with respect to D̃ (using the fact
that D̃ is diagonal) and setting it to zero, we get the necessary optimality condition

diag Σ = diag
(

D̃? − F̃? F̃?,>
)−1

, (A.11)

which, through (A.9), implies

diag Σ = diag
(

D? + F?F?,>
)

. (A.12)

This concludes the proof and implies that any method that converges to the solution
of (A.1), e.g., EM in many practical applications, actually converges to a low-rank
plus diagonal model whose diagonal agrees with the diagonal of Σ. A different
proof can be found in [26][Chapter 9].

We can tie this with the typical EM update for fitting a low-rank-plus-diagonal
covariance model [8][Chapter 8.2], where the update for F and D using EM is

Fk+1 = Cxs,kC−1
ss,k

Dk+1 = diag
(

Σ− Cxs,kC−1
ss,kCxs,k

)
.

(A.13)

Here, we use Cxs,k and Css,k to denote the matrices Cr f and C f f , respectively, in
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[8][Chapter 8.2] at iteration k. Then (A.13) is just the update in [8][Chapter 8.2]. It
holds that

diag Σk+1 = diag
(

Cxs,kC−2
ss,kCsx,k

)
+ diag

(
Σ− Cxs,kC−1

ss,kCsx,k

)
. (A.14)

At convergence, as stated above, it must be that diag Σk+1 → diag Σ, and therefore
C−2

ss,k → C−1
ss,k or equivalently Css,k → I. It might be possible to leverage the fact that

Css,k → I to speed up convergence of the EM loop. More on this in section A.5.
As an aside, if D is not restricted to be diagonal, then the necessary optimality

condition is
Σ =

(
D̃? − F̃? F̃?,>

)−1
, (A.15)

i.e., Σ = D? + F?F?,>, which makes complete sense because of the added degrees
of freedom in D.

A.3 Fitting only D

Suppose now that we fit only the diagonal matrix D:

minimize
D

trace
((

FF> + D
)−1

Σ
)
− log det

(
FF> + D

)−1
. (A.16)

We will take the derivative of the objective with respect to D. Let X = D + FF>.
In the general case for D (not restricted to be diagonal), the differentials are

dX = dD, (A.17)

d trace
(
(FF> + D)−1Σ

)
= trace

(
d
(
(FF> + D)−1)Σ

)
= trace

(
− (FF> + D)−1 dX (FF> + D)−1 Σ

)
= trace

(
− (FF> + D)−1 Σ (FF> + D)−1 dD

)
,

(A.18)

d log det
(

FF> + D
)−1

= −(FF> + D)−1dD. (A.19)
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Therefore, in the general case for D, with Σ? = FF> + D?, the necessary optimality
condition is:

Σ?,−1 Σ Σ?,−1 = Σ?,−1. (A.20)

Multiplying by Σ? left and right in both sides and simplifying, we get

Σ = Σ?. (A.21)

Therefore for D not constrained to be diagonal, we get Σ = Σ?, which is reasonable
as D has enough degrees of freedom.

For D constrained to be diagonal, the necessary optimality condition is:

diag Σ?,−1 Σ Σ?,−1 = diag Σ?,−1. (A.22)

We observe that in the case of fitting only D diagonal, we are not guaranteed that
the diagonal of our model will match the diagonal of Σ.

A.4 Fitting only F

Suppose now that we fit only F:

minimize
F

trace
((

FF> + D
)−1

Σ
)
− log det

(
FF> + D

)−1
. (A.23)

We take the derivative of the objective with respect to F. We get the following
derivatives for each term in the objective:

∇F trace
((

FF> + D
)−1

Σ
)
= −2

(
FF> + D

)−1
Σ
(

FF> + D
)−1

F, (A.24)

∇F log det
(

FF> + D
)−1

= −2(FF> + D)−1F. (A.25)

By letting the optimal point be Σ? = F?F?,>+ D, the necessary optimality condition
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is
Σ?,−1ΣΣ?,−1F? = Σ?,−1F?. (A.26)

In this case, we are not guaranteed that the diagonal of our model will match the
diagonal of Σ.

If F? is square and full-rank, then we get that the optimality condition is equiva-
lent to

Σ?,−1ΣΣ?,−1 = Σ?,−1, (A.27)

i.e., we get the same optimality condition as in the case of having a fixed F and
fitting a square matrix D (not constrained to be diagonal). In other words, fitting a
square D given an F and fitting a square F given a D are equivalent. For F? square
and full-rank: Σ = Σ?.

A.5 Speeding-up EM

The EM update at iteration k for a factor model

x = Fs + ε

is (for an arbitrary density q on s)

maximize
F,D

Ex∼N (0,Σ) −
(

xTD−1x + log det D
)

−
(
− 2 trace

(
FTD−1xEq

[
s>
])

+ trace
(
(F>D−1F)Eq

[
ss>
]) )

.
(A.28)

Although we do not include the derivation here, this can be found in [8, Chapter
8]. In the typical version of the algorithm (from hereon called vanilla), we use
qk = pk(S = s | X = x), where pk corresponds to the distributionS

X

 ∼ N
0,

 I F>k
Fk FkF>k + Dk

 .
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From the analysis in Section A.2, we know that no matter the sequence of densities
{qk}k used in each iteration, we should have that

Css,k =: Ex∼N (0,Σ)Eqk

[
ss>
]
→k I. (A.29)

We now discuss our proposal for faster EM convergence (as given in number
of iterations). Suppose we are at iteration k. Our goal is to choose qk such that
Css,k =: Ex∼N (0,Σ)Eqk

[
ss>
]
is very close to I. By allowing Ex∼N (0,Σ)Eqk

[
ss>
]
to

converge to the identity faster, we hope to allow the EM algorithm to converge in a
smaller number of iterations. We will use qk(s) = pk(S = s | BkX = x) and seek to
choose Bk appropriately. The subscript k in the density denotes that we will use Fk

and Dk from iteration k for the joint distribution of (S, X). Assuming an invertible
Bk, it holds that pk(S = s | BkX = x) = pk(S = s | X = B−1

k x). Therefore

S | BkX = x ∼ N
(

LkB−1
k x, Gk

)
, (A.30)

where Lk and Gk are Bj and Gj, respectively, in [8, Chapter 8]. Under this model

Ek

[
ss> | BkX = x

]
= Gk + GkF>k D−1

k B−1
k xx>B−>k D−1

k FkGk

Ek

[
xs> | BkX = x

]
= xx>B−>k D−1

k FkGk

. (A.31)

Therefore, the update in our case (from hereon called q-select) is the same as that in
[8, Chapter 8], but replacing

Css,k ← Gk + GkF>k D−1
k B−1

k ΣB−>k D−1
k FkGk

Cxs,k ← ΣB−>k D−1
k FkGk

. (A.32)

All that is left is to pick Bk at iteration k such that Css,k is close to the identity. We
therefore solve

Css,k = I. (A.33)
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By letting Ak =: D−1
k Fk, Mk =: A>k XAk, X =: B−1

k ΣB−>k , we obtain

M = G−1
k (I − Gk)G−1

k , T = A†>
k MA†

k (A.34)

and finally
Bk = Σ1/2T−1/2. (A.35)

A.5.1 Simulations

We compare q-select with vanilla EM and shrinkage EM for the case of dimension
n = 50. Shrinkage EM follows [8, Chapter 8], with the only exception being that it
sets

Css,k = 0.2(LkΣL>k + Gk) + 0.8I. (A.36)

We look at the Frobenius norm of consecutive covariance estimates ‖Σk+1 − Σk‖
in Figure A.1 for the three methods as a function of the iteration number. In Figure
A.2, we see the error ‖Css,k − I‖ as a function of the iteration number. Finally in
Figure A.3, we see the scatterplot of the diagonal of the converged estimate against
the diagonal of the original covariance Σ. We note that the per iteration cost of the
q-select is larger than the other two variants.

All methods converge to a covariance estimate that satisfies the constraint in the
diagonal and q-select converges in fewer iterations than the other two methods. This
implies that q-select is a promising method to speed up convergence of EM for fitting
a low-rank plus diagonal covariance model.

A.6 Fitting the model using CVXPY

We show how to fit the low-rank-plus-diagonal model of (A.4) using CVXPY [95].
Because the problem is not convex in F and D, we will use a change of variables and
leverage a new disciplined non-convex programming (DNLP) framework [96] to
solve the problem. This framework builds on top of CVXPY [95].
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Figure A.1: The Frobenius norm of consecutive covariance estimates ‖Σk+1 − Σk‖
for the three methods as a function of the iteration number.

Figure A.2: The error ‖Css,k − I‖ as a function of the iteration number for the three
methods.

Figure A.3: Scatterplot of the diagonal of the converged estimate against the diagonal
of the original covariance Σ for the three methods.
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A.6.1 Method

Let the covariance model be Σ̂ = (FF> + D). We will parametrize the optimiza-
tion problem using the inverse covariance estimate Σ̂−1. We consider the (lower
triangular) Cholesky decomposition of Σ̂−1:

Σ̂−1 = LL>. (A.37)

There also exist matrices E (diagonal with positive diagonal entries) and G ∈ Rn×k

such that
Σ̂−1 = E− GG>, (A.38)

where the mapping is

E = D−1

G = D−1F
(

I + F>D−1F
)−1/2 ⇐⇒

D = E−1

F = E−1G
(

I − G>E−1G
)−1/2

.
(A.39)

Let Σ = RR> be the (lower-triangular) Cholesky decomposition of Σ. To maxi-
mize the Gaussian log likelihood, we solve the optimization problem

max
L,E,G

n

∑
i=1

log Lii −
1
2
‖L>R‖2

F

s.t. E � 0, E diagonal

diag(L) ≥ 0, L lower− triangular

E− GG> = LL>

, (A.40)

The objective is the Gaussian log-likelihood. This problem is compatible with DNLP
[96]. After obtaining the solution G?, E?, we can map it to F?, D? using (A.39).

A.6.2 Observations

Anothermethod to compute a low-rank-plus-diagonalmodel is expectation-maximization
(EM). Thismethod iterativelymaximizes a lower-boundof theGaussian log-likelihood.
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Figure A.4: Log likelihood of different methods.

Empirically, EM converges to the same covariance estimate as the DNLP solution:

FEMF>EM = FDNLPF>DNLP, DEM = DDNLP. (A.41)

Further, the achieved log-likelihood is the same for EM and DNLP. The EM and
DNLP solution is different than the empirical covariance, because of the structural
constraints. The empirical covariance maximizes the log likelihood under no struc-
tural constraints.



B Derivation of the EM update

We derive the update for Algorithm 2.1. Our derivation of the iterative algorithm
focuses on optimizing a series of lower bounds of problem (2.11).

B.1 A lower bound of the objective in (2.11)

We fix θ, i.e., F2, Ω, and D. Let

S =

[
S1

S2

]
∼ N (0,

[
Ω 0

0 I

]
), E ∼ N (0, D), (B.1)

where S1 ∈ Rn1 , S2 ∈ Rn2 and E ∈ Rn are random variables. Further, we suppose S

and E are independent, i.e., S ⊥ E. Similarly, we assume S1 ⊥ S2. We define

X =
[

F1 F2

] [S1

S2

]
+ E. (B.2)

It follows that [
S

X

]
∼ N

(
0,

[
Ω̃ Ω̃F̃>

F̃Ω̃ F̃Ω̃F̃> + D

])
. (B.3)

Marginally X is distributed according to N (0, F̃Ω̃F̃> + D) with density

pθ(x) =
∫

s
pθ(x, s)ds, (B.4)

where pθ(x, s) is the joint density of (X, S) for the given θ, i.e., F2, Ω, and D, evaluated
at X = x and S = s.
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We now also fix x. Let q(s; x) be a probability density function in s, parametrized
by x. Then

log pθ(x) = log
∫

s
pθ(x, s)ds (B.5)

= log
∫

s
q(s; x)

pθ(x, s)
q(s; x)

ds = log Eq(s;x)
pθ(x, s)
q(s; x)

≥ Eq(s;x) log
pθ(x, s)
q(s; x)

,

(B.6)

where the inequality follows from Jensen’s inequality for the concave function log.
Because eq. (B.6) holds for all x, it is true that

Ex∼N (0,Σ) log pθ(x) ≥ Ex∼N (0,Σ)Eq(s;x) log
pθ(x, s)
q(s; x)

. (B.7)

This implies that

maximize
θ

Ex∼N (0,Σ) log pθ(x) ≥ maximize
θ

Ex∼N (0,Σ)Eq(s;x) log
pθ(x, s)
q(s; x)

, (B.8)

where the optimal point of the right-hand side is the same as that of

maximize
θ

Ex∼N (0,Σ)Eq(s;x) log pθ(x, s). (B.9)

Notice that we can write

pθ(x, s) = pθ(X = x, S = s) = pθ(E = x− F̃s, S = s) = pθ(E = x− F̃s)pθ(S = s),

(B.10)
because S ⊥ E. Therefore, up to an additive constant,

2 log pθ(x, s) = −(x− F̃s)>D−1(x− F̃s)− log det D− s>Ω̃−1s− log det Ω̃.

(B.11)
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By expanding eq. (B.11) and using

Ω̃−1 =

[
Ω−1 0

0 I

]
(B.12)

we get

− 2 log pθ(x, s) =

x>D−1x− 2
[
s>1 s>2

] [F>1
F>2

]
D−1x + s>1 F>1 D−1F1s1 + 2s>2 F>2 D−1F1s1 + s>2 F>2 D−1F2s2

+ s>1 Ω−1s1 + s>2 s2 + log det D + log det Ω.
(B.13)

For any density q(s; x), ignoring all terms that do not depend on F2, Ω or D, using
the trace trick (trace of a scalar equals the scalar), and the cyclic property of the
trace, we get

Eq(s;x) [−2 log pθ(x, s)] =

trace(D−1xx>) + trace(D−1F1Eq(s;x)

[
s1s>1

]
F>1 )− 2 trace(D−1Eq(s;x)

[
xs>1

]
F>1 )

− 2 trace(D−1Eq(s;x)

[
xs>2

]
F>2 ) + 2 trace(D−1F1Eq(s;x)

[
s1s>2

]
F>2 )

+ trace(D−1F2Eq(s;x)

[
s2s>2

]
F>2 )

+ trace(Ω−1Eq(s;x)

[
s1s>1

]
)

+ log det D + log det Ω.
(B.14)

At this point, we have an explicit expression for the objective of problem (B.9).

B.2 The EM update

The EM algorithm is an iterative algorithm that solves a sequence of problems of
the form (B.9). At each iteration the density q(s; x) is updated. Assuming that at
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iteration k we are provided with θk, the EM algorithm computes θk+1 as

θk+1 = arg max
θ

Ex∼N (0,Σ)Eqk(s;x) log pθ(x, s)

= arg min
θ

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] ,
(B.15)

where qk(s; x) = pθk(S = s | X = x). We therefore need to compute

• Eqk(s;x) [s1] =: E [S1 | X = x; θk]

• Eqk(s;x) [s2] =: E [S2 | X = x; θk] ,

• Eqk(s;x)
[
s1s>2

]
=: E

[
S1S>2 | X = x; θk

]
,

• Eqk(s;x)
[
s2s>2

]
=: E

[
S2S>2 | X = x; θk

]
,

• Eqk(s;x)
[
s1s>1

]
=: E

[
S1S>1 | X = x; θk

]
.

This is easy to do under our Gaussian assumptions. Note that[
S1

S2

]
| X = x; θk ∼ N (Lkx, Gk). (B.16)

We can compute Lk and Gk using pθk(S = s | X = x). Because, S | X = x is
Gaussian:

• E [S | X = x; θk] = arg maxs log pθk(S = s | X = x) = arg maxs log pθk(x, s).
By taking the derivative of (B.11) with respect to s and setting it to zero, we
get the necessary optimality condition

−F̃>k D−1
k x + F̃>k D−1

k F̃ks + Ω̃−1
k s = 0⇔ s =

(
F̃>k D−1

k F̃k + Ω̃−1
k

)−1
F̃>k D−1

k x.

(B.17)
This implies that

E [S | X = x; θk] =
(

F̃>k D−1
k F̃k + Ω̃−1

k

)−1
F̃>k D−1

k x. (B.18)
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• The inverse of the conditional covariance is given by theHessian of− log pθk(S =

s | X = x) with respect to s, i.e.,

G−1
k = F̃>k D−1

k F̃k + Ω̃−1
k . (B.19)

We combine the two results and get that

Lk = Gk F̃>k D−1
k , G−1

k = F̃>k D−1
k F̃k + Ω̃−1

k . (B.20)

Further by the definition of (conditional) covariance,

E
[
SS> | X = x; θk

]
= Gk + E [S | X = x; θk]E [S | X = x; θk]

> , (B.21)

which can equivalently be written as

E
[
S1S>1 | X = x; θk

]
E
[
S1S>2 | X = x; θk

]
E
[
S2S>1 | X = x; θk

]
E
[
S2S>2 | X = x; θk

]
 = Gk + Lkxx>L>k . (B.22)

Notice that we can select the appropriate block from E
[
SS> | X = x; θk

]
by multi-

plying left and right with the appropriate (block-selector) matrices. For example:

•
E
[
S1S>1 | X = x; θk

]
= Bl,11(Gk + Lkxx>L>k )Br,11, (B.23)

where

Bl,11 =
[

In1 0n1×n2

]
, Br,11 =

[
In1

0n2×n1

]
. (B.24)

and In is the identity matrix of dimension n.

•
E
[
S2S>2 | X = x; θk

]
= Bl,22(Gk + Lkxx>L>k )Br,22, (B.25)
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where

Bl,22 =
[
0n2×n1 In2

]
, Br,22 =

[
0n1×n2

In2

]
. (B.26)

•
E
[
S1S>2 | X = x; θk

]
= Bl,12(Gk + Lkxx>L>k )Br,12, (B.27)

where

Bl,12 =
[

In1 0n1×n2

]
, Br,12 =

[
0n1×n2

In2

]
. (B.28)

Similarly

•
E [S1 | X = x; θk] = B1Lkx, (B.29)

where B1 =
[

In1 0n1×n2

]
.

•
E [S2 | X = x; θk] = B2Lkx, (B.30)

where B2 =
[
0n2×n1 In2

]
.

By combining the above results with (B.14), we get that

Eqk(s;x) [−2 log pθ(x, s)] =

trace(D−1xx>) + trace(D−1F1Bl,11(Gk + Lkxx>L>k )Br,11F>1 )

− 2 trace(D−1xx>L>k B>1 F>1 )

− 2 trace(D−1xx>L>k B>2 F>2 )

+ 2 trace(D−1F1Bl,12

(
Gk + Lkxx>L>k

)
Br,12F>2 )

+ trace(D−1F2Bl,22

(
Gk + Lkxx>L>k

)
Br,22F>2 )

+ trace(Ω−1Bl,11

(
Gk + Lkxx>L>k

)
Br,11)

+ log det D + log det Ω

(B.31)
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and therefore

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] =

trace(D−1Σ) + trace(D−1F1Bl,11(Gk + LkΣL>k )Br,11F>1 )

− 2 trace(D−1ΣL>k B>1 F>1 )

− 2 trace(D−1ΣL>k B>2 F>2 )

+ 2 trace(D−1F1Bl,12

(
Gk + LkΣL>k

)
Br,12F>2 )

+ trace(D−1F2Bl,22

(
Gk + LkΣL>k

)
Br,22F>2 )

+ trace(Ω−1Bl,11

(
Gk + LkΣL>k

)
Br,11)

+ log det D + log det Ω.

(B.32)

At this point, we note that for any distribution P with zero mean and covariance Σ

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] = Ex∼PEqk(s;x) [−2 log pθ(x, s)] . (B.33)

We will use this result later to show that the EM update is the same no matter the
distribution of x, as long as this distribution is zero-mean with covariance Σ.

We now define

Ck
ss =: Gk + LkΣL>k

=

[
Ck

ss,11 Ck
ss,12

Ck,>
ss,12 Ck

ss,22

]
=

[
Bl,11(Gk + LkΣL>k )Br,11 Bl,12(Gk + LkΣL>k )Br,12(

Bl,12(Gk + LkΣL>k )Br,12
)> Bl,22(Gk + LkΣL>k )Br,22

]
(B.34)

and partition

Lk =

[
Lk

1

Lk
2

]
, (B.35)

where Lk
1 ∈ Rn1×n and L2

k ∈ Rn2×n. We further define

•
Σ̃k =: Σ + F1Ck

ss,11F>1 − 2ΣLk,>
1 F>1 (B.36)



appendix b. derivation of the em update 132

•
Ck

xs =: ΣLk,>
2 − F1Ck

ss,12 (B.37)

With these definitions

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] =

trace
(

D−1
(

Σ̃k − 2Ck
xsF>2 + F2Ck

ss,22F>2
))

+ trace(Ω−1Ck
ss,11)

+ log det Ω + log det D.

(B.38)

B.3 Explicit equations for the EM update

Using (B.38), we are now ready to compute the EM update

θk+1 = arg min
θ

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] (B.39)

under the constraint that D is diagonal. Notice that the problem is separable in
(D, F2) and Ω.

We do the easy part first and find the optimal value for Ω. To do this we take
the derivative of trace(Ω−1Css,11) + log det Ω with respect to Ω−1 and set it to zero.
This gives:

Ω?,> = Ck,>
ss,11 ⇒ Ω? = Ck

ss,11. (B.40)

We now turn to the sub-problem that depends on D, F:

minimize
D

minimize
F2

trace
(

D−1
(

Σ̃k − 2Ck
xsF>2 + F2Ck

ss,22F>2
))

+ log det D. (B.41)

We fix D. The optimal F2 for this D can be found by taking the derivative of the
objective with respect to F2 and setting it to zero. This gives

D−1(−2Ck
xs + 2Ck

ss,22F?
2 (D)) = 0⇔ F?

2 (D) = Ck
xsC

k,−1
ss,22. (B.42)
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It only remains to minimize over the diagonal D. We plug F?
2 (D) in the objective of

(B.41), which takes care of the internal minimization with respect to F. To obtain
the optimal diagonal D, we solve

minimize
D

trace
(

D−1
(

Σ̃k − Ck
xsC

k,−1
ss,22Ck,>

xs

))
+ log det D. (B.43)

Let Dii = 1/ψi. Then, problem (B.43) is equivalent to

minimize
ψ1,...,ψn

n

∑
i=1

ψi

(
Σ̃k − Ck

xsC
k,−1
ss,22Ck,>

xs

)
ii
− log ψi. (B.44)

The last problem is separable in the ψi’s. By taking the derivatives with respect to
the ψi’s and setting them to zero, we get the solution

1
ψ?

i
=
(

Σ̃k − Ck
xsC

k,−1
ss,22Ck,>

xs

)
ii

. (B.45)

Therefore,
D? = diag

(
Σ̃− CxsC−1

ss,22C>xs

)
. (B.46)

To summarize, the EM update is

Ω← Ck
ss,11

F2 ← Ck
xsC

k,−1
ss,22

D ← diag
(

Σ̃k − Ck
xsC

k,−1
ss,22Ck,>

xs

)
.

(B.47)

B.3.1 Interpretation as maximum likelihood estimation

By (B.33), for any distribution P with zero mean and covariance Σ, the EM update
satisfies

arg min
θ

Ex∼N (0,Σ)Eqk(s;x) [−2 log pθ(x, s)] = arg min
θ

Ex∼PEqk(s;x) [−2 log pθ(x, s)] .

(B.48)
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This implies that minimizing the KL divergence between P and N (0, F̃Ω̃F̃> + D)

with EM is equivalent to minimizing the KL divergence between N (0, Σ) and
N (0, F̃Ω̃F̃> + D) with EM. The update only depends on the covariance Σ, which is
common for P and N (0, Σ). This justifies calling this method maximum likelihood
covariance estimation, as we are fitting a Gaussian to empirical data.

B.4 Evidence lower bound (ELBO) for EM

The EM algorithm maximizes a sequence of lower bounds, as seen by

maximize
θ

Ex∼N (0,Σ) log pθ(x) ≥ maximize
θ

Ex∼N (0,Σ)Eq(s;x) log
pθ(x, s)
q(s; x)

(B.49)

for any q(x; s). If we set q(s; x) to be the conditional distribution pθ(s | x), then

log
pθ(x, s)
q(s; x)

= log pθ(x)⇒ Eq(s;x) log
pθ(x, s)
q(s; x)

= log pθ(x). (B.50)

Let J(θ) = Ex∼N (0,Σ) log pθ(x). Then, by eq. (B.7)

J(θk+1) ≥ Ex∼N (0,Σ)Eqk(s;x) log
pθk+1(x, s)

qk(s; x)
(B.51)

and by (B.15)

Ex∼N (0,Σ)Eqk(s;x) log
pθk+1(x, s)

qk(s; x)
≥ Ex∼N (0,Σ)Eqk(s;x) log

pθk(x, s)
qk(s; x)

. (B.52)

By (B.50)

Ex∼N (0,Σ)Eqk(s;x) log
pθk(x, s)
qk(s; x)

= Ex∼N (0,Σ) log pθk(x) = J(θk). (B.53)

Combining the above results
J(θk+1) ≥ J(θk) (B.54)
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for the EM update. In other words, EM improves the expected log-likelihood at
every iteration.



C The EM update with missing returns data

We now derive the EM update in the case of missing returns data. We first describe
the set-up and then derive the EM update.

C.1 The set-up

We derive the EM algorithm in the case of missing returns data. We consider a time
window of length T. Let Xτ be the returns random vector at time τ = 1, . . . , T. We
assume that at time τ we only observe the returns Xτ on a subset of assets indexed by
the set Oτ ⊆ {1, . . . , n}. LetMτ = {1, . . . , n} \ Oτ be the set of assets with missing
returns at time τ. We denote the observed portion of the return at τ as Xτ,obs (with
value xτ,obs) and the missing portion as Xτ,mis. We define the permutation matrix
Πτ ∈ Rn×n that satisfies [

Xτ,mis

Xτ,obs

]
= ΠτXτ. (C.1)

By direct analogy to problem (2.11), we wish to solve

maximize
θ

T

∑
τ=1

wτ log pθ,obs,τ(xτ,obs), (C.2)

where pθ(x) is the probability density function of the Gaussian N (0, F̃Ω̃F̃> + D),

F̃ =
[

F1 F2

]
, Ω̃ =

[
Ω 0

0 I

]
, (C.3)

136
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pθ,obs,τ(·) is the marginal density of the observed returns at time τ, θ =: (F2, Ω, D),
and wτ are non-negative weights that sum to 1.

It is true that

log pθ,obs,τ(xτ,obs) = log
∫

pθ(xτ, sτ)dxτ,misdsτ =

log
∫

q(sτ, xτ,mis; xτ,obs)
pθ(xτ, sτ)

q(sτ, xτ,mis; xτ,obs)
dxτ,misdsτ ≥

Eq(sτ ,xτ,mis;xτ,obs)
log

pθ(xτ, sτ)

q(sτ, xτ,mis; xτ,obs)
,

(C.4)

where xτ = Π>τ

[
xτ,mis

xτ,obs

]
, and q(sτ, xτ,mis; xτ,obs) is any density over the latent vari-

ables sτ and the missing returns xτ,mis parameterized by the observed returns xτ,obs.
The inequality follows from Jensen’s inequality.

Instead of solving (C.2) directly, we can maximize the lower bound

maximize
θ

T

∑
τ=1

wτEq(sτ ,xτ,mis;xτ,obs)
log

pθ(xτ, sτ)

q(sτ, xτ,mis; xτ,obs)
(C.5)

that has the same solution as

minimize
θ

T

∑
τ=1

wτEq(sτ ,xτ,mis;xτ,obs)
[−2 log pθ(xτ, sτ)] . (C.6)
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Note that similar to Chapter B,

Eqτ [−2 log pθ(xτ, sτ)] =

trace(D−1xτx>τ ) + trace(D−1F1Eqτ

[
sτ,1s>τ,1

]
F>1 )− 2 trace(D−1Eqτ

[
xτs>τ,1

]
F>1 )

− 2 trace(D−1Eqτ

[
xτs>τ,2

]
F>2 ) + 2 trace(D−1F1Eqτ

[
sτ,1s>τ,2

]
F>2 )

+ trace(D−1F2Eqτ

[
sτ,2s>τ,2

]
F>2 )

+ trace(Ω−1Eqτ

[
sτ,1s>τ,1

]
)

+ log det D + log det Ω,
(C.7)

where we abbreviate q(sτ, xτ,mis; xτ,obs) as qτ for simplicity.
EM solves (C.6) iteratively. Assuming we are at iteration k, with θk, we set

q(sτ, xτ,mis; xτ,obs) = pθk(Sτ = sτ, Xτ,mis = xτ,mis | Xτ,obs = xτ,obs). (C.8)

We remind the reader that for arbitrary θ, the random variables satisfy

Xτ,obs = F̃τ,obsSτ + Eτ,obs

Xτ,mis = F̃τ,misSτ + Eτ,mis
, (C.9)

where

Sτ =

[
Sτ,1

Sτ,2

]
∼ N (0,

[
Ω 0

0 I

]
), Eτ ∼ N (0, D), (C.10)

and Sτ is independent of Eτ. Also, to make the notation clear: F̃τ,obs refers to the
rows of F̃τ indexed by Oτ, and similarly for the other quantities indexed by obs or
mis.

These relations allows us to compute the conditional distribution in (C.8) and
the necessary statistical moments, as we show next.
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C.2 Computing the statistical moments

Similar to Chapter B, the conditional distribution of Sτ given the observed returns
Xτ,obs = xτ,obs at iteration k (i.e., with F̃k, Ωk, Dk) is

Sτ | Xτ,obs = xτ,obs; θk ∼ N (Lk,τxτ,obs, Gk,τ), (C.11)

where

Lk,τ = Gk,τ F̃>k,τ,obsD−1
k,τ,obs, G−1

k,τ = F̃>k,τ,obsD−1
k,τ,obsF̃k,τ,obs + Ω̃−1

k . (C.12)

To make the notation clear, F̃k,τ,obs is the sub-matrix of F̃k that contains the rows
indexed by Oτ and Dk,τ,obs is the sub-matrix of Dk that contains the rows and
columns indexed by Oτ.

We also define
ŝτ =: Lk,τxτ,obs. (C.13)

We can now compute the necessary statistical moments at iteration k. First,

E
[
SτS>τ | Xτ,obs = xτ,obs; θk

]
= Gk,τ + ŝτ ŝ>τ . (C.14)

Second,
E
[

Xτ,obsS>τ | Xτ,obs = xτ,obs; θk

]
= xτ,obsŝ>τ . (C.15)

Third,

E
[

Xτ,misS>τ | Xτ,obs = xτ,obs; θk

]
= F̃k,τ,misE

[
SτS>τ | Xτ,obs = xτ,obs; θk

]
= F̃k,τ,mis(ŝτ ŝ>τ + Gk,τ) = x̂τ,misŝ>τ + F̃k,τ,misGk,τ,

(C.16)

where x̂τ,mis = F̃k,τ,misŝτ are the imputed missing values. Equations (C.15)-(C.16)
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imply that

E
[

XτS>τ | Xτ,obs = xτ,obs; θk

]
= Π>τ

[
x̂τ,mis

xτ,obs

]
︸ ︷︷ ︸

x̂τ

ŝ>τ + Π>τ

[
F̃k,τ,misGk,τ

0

]
(C.17)

and

E
[

XτX>τ | Xτ,obs = xτ,obs; θk

]
= x̂τ x̂>τ + Π>τ

[
F̃k,τ,misGk,τ F̃>k,τ,mis + Dk,τ,mis 0

0 0

]
Πτ.

(C.18)

C.3 Obtaining the update equations

We are at iteration k, with θk. Let

• Ck
xx =: ∑T

τ=1 wτE
[
XτX>τ | Xτ,obs = xτ,obs; θk

]
,

• Wk
xs =: ∑T

τ=1 wτE
[
XτS>τ | Xτ,obs = xτ,obs; θk

]
,

• Ck
ss =: ∑T

τ=1 wτE
[
SτS>τ | Xτ,obs = xτ,obs; θk

]
.

According to EM, we solve problem (C.6) using (C.8) to get θk+1. With our new
definitions, we can write problem (C.6) as

minimize
θ

trace
(

D−1
[
Ck

xx + F1Ck
ss,11F>1 − 2Wk

xs,1F>1 − 2Wk
xs,2F>2

+ 2F1Ck
ss,12F>2 + F2Ck

ss,22F>2
])

+ log det D

+ trace
(
Ω−1Ck

ss,11
)
+ log det Ω.

(C.19)

We further define

• Σ̃k =: Ck
xx + F1Ck

ss,11F>1 − 2Wk
xs,1F>1 ,
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• Ck
xs =: Wk

xs,2 − F1Ck
ss,12.

With these definitions, (C.19) becomes

minimize
θ

trace
(

D−1
(

Σ̃k − 2Ck
xsF>2 + F2Ck

ss,22F>2
))

+ log det D

+ trace(Ω−1Ck
ss,11) + log det Ω.

(C.20)

We have already solved this problem in Chapter B. Therefore, the EM update with
missing returns data is

Ω← Ck
ss,11

F2 ← Ck
xsC

k,−1
ss,22

D ← diag
(

Σ̃k − Ck
xsC

k,−1
ss,22Ck,>

xs

). (C.21)
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